SOME REMARKS ON THE NON-REAL ROOTS OF
POLYNOMIALS

SHUICHI OTAKE AND TONY SHASKA

ABSTRACT. Let f € R(¢)[z] be given by f(t,z) = 2™ +t-g(z) and 1 < --- <
Bm the distinct real roots of the discriminant Ay ,y(t) of f(¢,z) with respect
to . Let v be the number of real roots of g(z) = 35_ots—kz* *. For any
& > |Bml|, if n — s is odd then the number of real roots of f(§,x) is v+ 1, and
if n — s is even then the number of real roots of f(§,x) isy, vy +2if ts > 0 or
ts < 0 respectively. A special case of the above result is constructing a family
of degree n > 3 irreducible polynomials over Q with many non-real roots and
automorphism group Sy,.

1. INTRODUCTION

Let f(z) € Q[z] be an irreducible polynomial of degree n > 2 and Gal (f) its
Galois group over Q. Let us assume that over R, f(x) is factored as

f@) =a [[@=ap) [+ i +b),

=1

where a? < 4b;, for all i = 1,...,s. The pair (r,s) is called the signature of f(z).
Obviously deg f = 2s + r. If s = 0 then f(z) is called totally real and if r = 0
it is called totally complex. Equivalently the above terminology can be defined for
binary forms f(z,z). By a reordering of the roots we may assume that if f(z) has
2s non-real roots then

a:=(1,2)(3,4) - (2s — 1,2s) € Gal(f).
In [4] it is proved that if deg f = p, for a prime p, and s satisfies
s(slogs+2logs+3) <p

then Gal(f) = Ap, Sp. Moreover, a list of all possible groups for various values of
r is given for p < 29; see [4, Thm. 2]. There are some follow up papers to [4].

In [1] the author proves that if p > 4s + 1, then the Galois group is either
Sp or A,. This improves the bound given in [4]. The author also studies when
polynomials with non-real roots are solvable by radicals, which are consequences of
Table 2 and Theorem 2 in [4]. In [13] the author uses Bezoutians of a polynomial
and its derivative to construct polynomials with real coefficients where the number
of real roots can be counted explicitly. Thereby, irreducible polynomials in Q[x] of
prime degree p are constructed for which the Galois group is either S, or A,.

In this paper we study a family of polynomials with non-real roots whose degree
is not necessarily prime. Given a polynomial g(z) = >_7_ t;z* and with v number of
non-real roots we construct a polynomial f(¢,x2) = 2™+t g(z) which has v, y+1,y+2
non-real roots for certain values of ¢ € R; see Theorem 2. The values of ¢ €
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R are given in terms of the Bezoutian matrix of polynomials or equivalently the
discriminant of f(¢,x) with respect to z. This is the focus of Section 3 in the paper.

While most of the efforts have been focusing on the case of irreducible polyno-
mials over Q which have real roots, the case of polynomials with no real roots is
equally interesting. How should an irreducible polynomial over Q with all non-real
roots must look like? What can be said about the Galois group of such totally
complex polynomials? In [5] is developed a reduction theory for such polynomials
via the hyperbolic center of mass. A special case of Theorem 2 provides a class of
totally complex polynomials.

Notation For any polynomial f(x) we denote by Ay, its discriminant with re-
spect to . If f is a univariate polynomial then A is used and the leading coefficient
is denoted by led(f). Throughout this paper the ground field is a field of charac-
teristic zero.

2. PRELIMINARIES

Let f1(z), f2(x) be polynomials over a field F of characteristic zero and, let n
be an integer which is greater than or equal to max{degf1,degf>}. Then, we put

f1(@)f2(y) — f1(y) fa()
z—y

My (f1, f2) + = (ij)i<ij<n:

The matrix M, (f1, f2) is called the Bezoutian of f; and fo. Clearly, B,(f1,f1) =0
and hence M, (f1, f1) is the zero matrix. The following properties hold true; see
[6, Theorem 8.25] for details.

Bn(f1, f2) : =

n
= Z iz "y € Fla,yl,
ij=1

Proposition 1. The following are true:

(1) M, (f1, f2) is an n X n symmetric matriz over F.
(2) Bn(f1, f2) is linear in f1 and f2, separately.
(3) Bn(f1,f2) = =Bn(fa, f1).

When fo = f{, the formal derivative of f; (with respect to the indeterminate z),
we often write B, (f1) := Bn(f1, f1). From now on, for any degree n > 2 polynomial
f(z) € Rlz] we will denote by M,,(f) := M, (f, f') as above. The matrix M, (f) is
called the Bezoutian matrix of f.

Remark 1. It is often the case that the matriz M (f1, fo) = (a};)1<ij<n defined
by the genmerating function

B (fi, fo) : = fl(ff)fz(y;:zjjl(y)fz(x) _ Z a;jxi—lyjﬂ € Flz,y]
i,j=1

is called the Bezoutian of f1 and fo. But no difference can be seen between these
two definitions as far as we consider the corresponding quadratic forms

n n
!
E Ty and E QT

i,j=1 i,j=1
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In fact, these two quadratic forms are equivalent over the prime field Q (C F) since

we have M! (f1, f2) = ' T My (f1, f2)Jn, where
O 1
Jn = .
1 0
is an n X n anti-identity matriz. This implies that above two quadratic forms are
equivalent over Q or more precisely, over the ring of rational integers Z.

Let f(z) € R[z] be a degree n > 2 polynomial which is given by
fl@)=ao+arz+ - +apa”

Then over R this polynomial is factored as
T S
flx)=a H(m — ;) 1_[(:102 +a;x+b;)
j=1 i=1

for some ay,...,a, € R and a;,b;,a € R, where af < 4b;, foralli=1,---,s.

Throughout this paper, for a univariate polynomial f, its discriminant will be
denoted by Ay. For any two polynomials fi(z), fa(z) the resultant with respect
to « will be denoted by Res(f1, f2,2). We notice the following elementary fact, its
proof is elementary and we skip the details.

Remark 2. For any polynomial f(x), the determinant of the Bezoutian is the same
as the discriminant up to a multiplication by a constant. More precisely,

1
Ay = Ted(f)? det My (f),

where led(f) is the leading coefficient of f(x).

If f(x) € Q[z] is irreducible and its degree is a prime number, say deg f = p,
then there is enough known for the Galois group of polynomials with some non-real
roots; see [4], [1], [13] for details. If the number of non-real roots is ”small” enough
with respect to the prime degree deg f = p of the polynomial, then the Galois
group is A, or Sp,. Furthermore, using the classification of finite simple groups one
can provide a complete list of possible Galois groups for every polynomial of prime
degree p which has non-real roots; see [4] for details.

On the other extreme are the polynomials which have all roots non-real. We
called them above, totally complex polynomials. We have the following:

Lemma 1. The followings are equivalent:
i) f(x) € R[z] is totally complex
it) f(x) can be written as

f(@) :aHfz-

where f; = 2® + a;x + by, fori=1,...,n and a;,b;,a € R, where a? < 4b;, for all
i=1,...,n. Moreover, the determinant of the Bezoutian M, (f) is given by

n

1 n
Af = W det M,,(f) = gAfi . i]];!éj (Res(fi,fj,ft))z
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where led(f) is the leading coefficient of f(x).
it) the index of inertia of Bezoutian M(f) is 0
iii) if Ay # 0 then the equivalence class of M(f) in the Witt ring W(R) is 0.

Proof. The equivalence between i), ii), and iii) can be found in [6]. O

It is not clear when such polynomials are irreducible over Q. If that’s the case,
what is the Galois group Gal (f)? Clearly the group generated by the involution
(1,2)(3,4)--- (2n — 1,2n) is embedded in Gal (f). Is Gal (f) larger in general?

3. ON THE NUMBER OF REAL ROOTS OF POLYNOMIALS

For any degree n > 2 polynomial f(z) € R[z] and any symmetric matrix M :=
M, (f) with real entries, let Ny be the number of distinct real roots of f and
o (M) be the index of inertia of M, respectively. The next result plays a fundamental
role throughout this section ([6, Theorem 9.2]).

Proposition 2. For any real polynomial f € Rlx], the number Ny of its distinct
real roots is the index of inertia of the Bezoutian matriz M, (f). In other words,

Ny =0 (Mn(f)) -
Let us cite one more result which says that the roots of a polynomial depend
continuously on its coefficients ([11, Theorem 1.4], [16, Theorem 1.3.1]).

Proposition 3. Let be given a polynomial
n
f(z) = Zalml € Clz],
1=0

with distinct roots o, ..., ap of multiplicities myq, ..., my respectively. Then, for

any given a positive
. Q; — oy
€< min M s
1<i<j<k 2

there exists a real number § > 0 such that any monic polynomial g(z) = > |_, bia! €
Clx] whose coefficients satisfy
by — ai| <6,
forl=0,---,n—1, has exactly m; roots in the disk
D(ajie) ={z€Cllz—aj| <€} (j=1,--- k).

Let n, s be positive integers such that n > s and let

s
g(th s ts Sﬂ) = Zts—kx87ka
k=0

(1)
f(n)(to’. 7t57t;$) :In-i-t'g(t()’ 7t5;x)

be polynomials in x over E; = R(tg,- - ,ts), Fa = R(to, - ,ts,t), respectively.
Here, E; (resp., Fs) is a rational function field with s + 1 (resp., (s + 2)) variables
to, -+ ,ts (resp., (to, - ,ts,t)). To ease notation, let us put

g((E) = g(t07 e vts;x)a f(tax) = f(n)(th e 7tsvt;x)
and for any real vector v = (vg, -+ ,vs) € RS we put
(2) gv(x):g(v(h"' 71}3;25), fv(t,l’):f(n)(’l)o, ,’Us,t;l').

By using Proposition 2, we can prove the next theorem ([13, Main Theorem 1.3]).
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Theorem 1. Let r = (rg, -+ ,75) € R be a vector such that Ny, = s. Let us
consider fp(t;z) = f (rg,--- 74, t;2) as a polynomial over R(t) in x and put

Pp.(t) = det M, (fr(t;2)) = det M, (fr(t; ), fL.(t;2)),

where f1.(t;x) is a deriwative of fr.(t; x) with respect to x. Then, for any real number
&> a, =max{a € R | P.(a) = 0}, we have
s+1 ifn—s: odd
Niex) = s ifn—s: even, rs >0
s+2 ifn—s:even, rs <O0.
By this theorem and a theorem of Oz Ben-Shimol [1, Theorem 2.6], we can obtain
an algorithm to construct prime degree p polynomials with given number of real
roots, and whose Galois groups are isomorphic to the symmetric group S, or the

alternating group A, ([13, Corollary 1.6]).
In this section, we extend this theorem as follows;

Theorem 2. Let r = (rg, -+ ,7r5) € R*T! be a vector such that g.(x) is a degree s
separable polynomial satisfying Ny, () =7 (0 < v < s). Let us consider fr(t;x) =
f (rg,--- 7, t;2) as a polynomial over R(t) in x and put

Pp(t) = det M, (fr(t;2)) = det M, (fr(t; ), fL.(t;2)),

where f1.(t;x) is a deriwative of fr.(t; x) with respect to x. Then, for any real number
&> a, =max{a € R | P.(a) = 0}, we have

y+1 ifn—s: odd
(3) Nfr(é;x) =97 ifn—s: even, rs >0
Y4+2 ifn—s: even, rs <O0.

The above theorem can be restated as follows:
Corollary 1. Let f € R(t)[z] be given by

S
flt,z)=a" +t- Zts,kxsfk

k=0
and By < -+ < By, the distinct real roots of the degree s polynomial

1

For any & > |8, the number of real roots of f(§,x) is

y+1 ifn—s: odd
Niea) =97 if n—s: even, ty >0
Y+2 ifn—s: even, ty <O.

where 7y is the number or real roots of g(x) = M € R[z].

The rest of the section is concerned with proving Thm. 2.
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3.1. The Bezoutian of f(t;z). First, let us put
Alto, -+ s ts,t) = (aij(to, - s ts,t))1<ij<n = Mu(f(t;2)) € Sym,, (E2),
Blto, -+ ,ts) = (bij(to, -+ 1 ts))1<ij<s = Ms(g(x)) € Sym, (E).
For ease of notation, we also write
Alto, -+ ,ts,t) = A(t) = (aij(t))1<ij<n, Blto, - ,ts) = B = (bij)1<ij<s
and we put B(t) = (bi;(t))1<i,j<s = t>B. Then, by Proposition 1, we have
A(t) = My (2" + tg(z),na" " + tg'(z))
= nMy(a", 2" ) = ntMy (a7, g(2)) + tMa (2", g/ (x)) + t* Mu(g(2), g (2))

S
= nM,(z",z" ") — ntZts,an(x"_l, z57k)
k=0

+ tz_:(s — k) ts p M, (™, 257 + 2 M, (g(x), ¢/ ().
k=0

Lemma 2. Let \, u,v be integers such that A > u > v > 0. Then My(x*,z") =
(myj)1<ij<x, where

1 i+j=22—-(pu+v)+1 A—p+1<i,7<A=v),

My = ,
0 otherwise.

Proof. By definition, we have

zhy? — vyt

B/\(xu’xl/) = r—Yy

pn—v n—v

—k, vtk—1 A—(A—ptk), A—=(A—v—k+1

:qu s :Zx ( u+)y (A-v—k+1)
k=1 k=1

which implies

S 1 (G))=A—p+kA—v—-k+1) Q1<k<pu-—v)
710 otherwise

1 i+j=22—(p+v)+1 A—p+1<i,j<A—v),
0 otherwise.

This completes the proof. O
Here, let us divide A(t) into two parts A(t) and A(t), where
A(t) = ((ALU (t))lgi,jgn = nMn(x", x”_l) —nt Z ts,an(.Tn_l, Is_k)
k=0

s—1
HtY (s = k)ta kM (a2 7F ),
k=0

A(t) = (aij(t))1<ij<n = *Mn(g(2), ¢'(z))
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andputly =n—s+k+2(=2n—(n+s—k—1)+1). Then, by lemma 2, we have

a11(t) =n
{duk_l(t) =a5,-11(t) = (s —k)ts—gt (0<k<s—1).
Moreover, when ¢ + j = I, we have
(4)  ai(t) = —ntte_p +t(s — k)te—p = —(Ip — tact (2<4,j <l —2,0<k < s).
Remark 3. Note that, if s =n — 1, we have

i S
—nt Yt kM (2" 2 R) = —nt Yt My (2" 2R,
k=0 k=1

Thus, when i + j = lg, equation (4) should be modified by

dij(t) = —ntte_p +t(s — K)o = —(lp — 2t st (2<i,j<lp—2,1<k<s).
We avoid this minor defect by considering that there is no entries satisfying 2 <
1,] <lp—2 when s=n—1 sincelp —2=n—s=1.
Proposition 4. Putly =n—s+k+2. Then

n (4,5) = (1,1)
(s — k)ts_gt (G, =01=1) or (lx—-1,1) (0<k<s-—1)

a;:(t) =
() (e =2)tspt i+j=l, 250, <=2, (0<k<s)
0 otherwise.
~ (t) bi—(n—s),j—(n—s)t2 n—s+1<4,j5<n
Q5 = .
! 0 otherwise.

Proof. The statement for é;;(¢) has just been proved. For @;;(t), it is enough to see
that we can denote

M,(g(z)) = > mtty, M,(a, 2™ 1),

/=0 m=1

Mn(g(x)) = Z Z mtéthn(xé7xm_l)7

£=0 m=1
that is, we can obtain M, (g(x)) from M(g(z)) by just replacing s with n for all
M, (x*, ™), which, by Lemma 2, means that s x s matrix M,(g(x)) occupies the
part {sz |n—s+1<i,j <n} of the matrix M, (¢9(x)) = (bjj)lﬁi,jﬁn' O

By Proposition 4, we can express the matrix A(t) as follows;

(5)

n 0 0 stot (s=Dte_tt ... tt T

0 —(n—8)tst | —(n— s+ 1)ts—1t —(n—1)t1t —ntot
0

0 —(n—s)tst 0 0

stst —(n—s+1)ts_1t
(5= 1)ts_1t :

—(n-1tzt 0
tit —nitot 0 0
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Here, C(t) = (cij(t))1<i,j<s = C(tos -+ s ts, ) = (cij(to, - 1 ts,t))1<ij<s Isan s xs
symmetric matrix whose entries are of the form
Cij(to, sty t) = bijt2 + )\ijt

=bij(to, -+ )t 4+ Nij(to, -+ t)t (Nij = Aij(to, -+ ,ts) € En).
Next, let A(t)l = (aij(t)l)lfi,jgn = A(t07 c vt57t)1 = (aij(t07 t atsat)l)lfi»jfn
be the n X n symmetric matrix obtained from A(t) by multiplying the first row
and the first column by 1/4/n and then sweeping out the entries of the first row

and the first column by the (1,1) entry 1. Here, let Qpn,(k;¢) = (¢i5)1<i,j<m and
Ry (k,l;¢) = (rij)1<i,j<m be m x m elementary matrices such that

- 1 - 1 T
1 1 C
Qm(kac): c bl Rm(k7lac): )
1 1
i 1] i 1]
where qpr = ¢ and rp; = ¢. Moreover, for any m x m matrices My, My, ---, M,

put [T,_, My = My My --- M;. Then, we have A(t), = 'S(t), A(t)S(t),, where

s—1

St)1 = Qu(1;1/vn) [] Ru(L,lk — 1;—ar4, -1 (t)/V/n).

k=0

The matrix A(t); can be expressed as follows;

(6)
M1 0 0 0 0 0 1
0 0 oo —(n=9)tst | —(n—s+ Dts—1t ... —(n—1)t1t —ntot
0
0 —(n—s)tst 0 0
A1 =17 —(n—s+1)ts_1t
o .
. C(th
—(n—1tit - 0
0 —ntot 0 0

Here, C(t)1 = (cij(t)1)1<ij<s = Cto, -+ ,ts,t)1 = (cij(to, -+ 1 ts,t)1)1<ij<s 15 an
s X s symmetric matrix whose entries are of the form

cij(to, -+ ts,t)1 = [;ij(tm c )+ Aij(to, -, ts)t ([;ij(tm <L ts) € By,
where

- s—i+1)(s—7+1
(7) bij(toa L. 7ts) = bij(to,' .. ’ts) — ( )75 J )tS,i+1t57j+1

fOI‘ any Z,] (1 S ’L,] é 8). We put Bij(th e ,ts) = Eij and B = (Eij)lgi,jgy
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3.2. Some results for the Bezoutian of f.(t;x). Let » = (rq, -+ ,75) € R¥H!
be a vector as in Theorem 2. We put

An(t) = (@ ()12ij2n = Alro.- -+ ,75,1) € Sym,, (R(1)),
By = (b )1<ij<s = B(ro, -+ ,7s) € Sym,(R)

and By.(t) = t?B,.. Let us also put A,.(t); = A(ro,- -+ ,7s,t)1. By equation (6), the
matrix A, (t); can be expressed as follows;

M1 0 0 0 0 0
0 0 oo —(n=8)rst | —=(n—s+1)rs—1t ... —(n—1)rit —nrot
0
0 —(n—s)rst 0 0
Ar(t)1 =17 —(n—s+1)rs_1t
0 .
L. Cr(t)l

—(n—1rit - 0

0 —nrot 0 0

Here7 Cr(t)l = (CE;)(t)l)lgi,jgs = C(To, s ,7“57t)1 and

CE;)(t)l = Ez’j(TOa )t 4 Xij(ro, -+ 1)t (Eij(TOa c 1), Aij(ro, 1) €R).
Note that, by equation (7), we have

_ s—i1+1)(s—j+1 .
bij(ro, te ,Ts) = bz(;) - ( )75 J )Ts—i+17‘s—j+1 (1 <i,7 < 5)-
To ease notation, we put Eij(ro, cee ) = I_)E;) and B, = (l_)z(;))lgings.

In particular, since

s—1 s
Ms(gr) = M, (Tsxsa Z(s - k)rskxs_k_l> + M, (Z Tskxs_kvg;‘>
k=1

k=0
s—1 s
= Z(S — k)rors_p M(2®, 257 F 1) 4 M, (Z rs_k.mSk,g;,> ,

k=0 k=1
we have
(8) bg’,}iﬂ = bz(ci)l,l =(s—k)rors—p (0<k <s-1)
by Lemma 2 and hence

—(n . s(s—j+1
(9) bgj) =(s—Jj+1)rsrs_ji1 — wrsm_ﬂ_l

s
=(s—j+1) (1 — 5) rers—j+1 (1 <j<s).

Lemma 3. Put B,(t) = t*B,. Then, By(§) and By (£) are equivalent over R for
any real number & and we have (B (§)) = N, for any non-zero real number &.

Proof. Let us denote by B} = (bE;’*))1gi,jgs (B = (55;’*))197]-55) the matrix ob-
tained from B, (B,) by multiplying the first row and the first column by 1 / 44/ bgq)

(1/:&\/552)) (the sign before \/bgq) (\/55?) are the same as the sign of r,; see
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the definition of d (J ) below) and then sweeping out the entries of the first row and
the first column by the (1,1) entry 1. Since by; = sr2 (> 0) and by = s(1 — s/n)r?
(> 0) by (8) and (9), we have

(10) B: = 'TB,T, B = 'TB,T,

=

where

T = Qu(1:1/d) [T R0, b~ /) (d =5 -1),

k=2
T =Qu(1;1/d) [] Ro(1, ks b7 /d) (d = /5(1— s/n) - ).
k=2

Note that in [13, Lemma 3.3], we have proved bg;’*) = Bg’*) (1 <4,j < s) and hence
t2 B} = t2 B}, which, by (10), implies that symmetric matrices B,.(£) and B,.(£) are
equivalent over R for any real number £. Then, since N, = o(B;) = o(B,(§)) for

any & € R\ {0}, the latter half of the statement have also been proved. O

3.3. Nonvanishingness of some coefficients. In this subsection, we prove the
next lemma.

Lemma 4. Let

(11) &(z) =P(tg, -+ ,ts;x) = Z hs—k(to, -+ ,ts)x** € B[]
k=0
be the characteristic polynomial of B. Then, hs_i(to,--- ,ts) is a non-zero polyno-

mial in By for any k (1 <k <s).
Proof. Lemma 4 is clear for s = 1, since we have
B=M(tiz+ty) =t ]

and hence, by equation (7),

— 1 n—1
B = t2_7t2 — 71}.2 .
|: 1 n 1 n 1

Next, suppose s > 2. Then, by equation (7) and the definition of the Bezoutian,
we have hs_p(to, -+ ,ts) € Rltg, - ,ts] for any k (1 < k < s). Thus, we have only
to prove that hs_(to, -+ ,ts) # 0 for any k (1 < k < s), which is clear from the
next Lemma 5. O

Lemma 5. Suppose s > 2 and putug =us =1, u; =t; andup =0 (2 <k <s-1).
Then, hs—j(ug, -+ ,us) is a non-constant polynomial in R(ty) for any k (1 <k < s),
i'e'i hs—k(u07 e aus) € R[tl] \R (1 < k < 8)

To prove lemma 5, let us put w = (ugp,- - ,us) and
gu(@) = g(uo, -+ us;x) = 2+t + 1 € R(ty)[a],
fu(t;z) = 2" + tgu(x) € R(t1,t)[2] (n > s),
Au(t) = (o (O)1<ij<n = Aluo, - s t) € Symy, (R(tr, 1),
Bu=(0{")12ij<s = Blto, -+ ,us) € Sym,(R(t1)), Bu(t) = t*Bu.
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Then, by equation (5), we have

' n 0 0 st 0 t1t ]

0 —(n=s)t | 0 ... —(n—1L1tt —nt

0
0 —(n-st 0 0
Au(t) = |5 0 ’
0
. Cu(t)
—(n—=1t1t - 0

| 1t —nt 0 0 |

where C\,(t) = (cl(-;i)(t))lgi’jgs = C(ug,- - ,us,t) and

()

Cij (t) = bij(uoa T ’US)t2 + )‘ij(u07 e us)t ()‘ij(u07 o us) € R(ty)).

Moreover, by equation (6), we also have

M1 0 0 0 0 0
0 0 —(n—=98)t |0 ... —(n-—1tit —nt
0
0 —(n—s)t 0 0
Au(t)r = |7 0
0
. Cu(t)l
—(n—1)t1t - 0
Lo —nt 0 0 |

Here, Cy,(t)1 = (cz(;‘) (t)1)1<ij<s = Clug, -+ ,us,t)1 and

CE;) (t)1 = bij(uo, -+ us)t® 4+ Aij(ug, -+ ,us)t (bij(uo, -+, us) €R).
Note that, by equation (7), we have
by — (s2/n)  (0,5) = (1.1)
b — (s/m)tr (i4) = (1,5) or (5,1)
b — (Um) (i.4) = (5.9)

bg}‘) otherwise.

1,
e 1,
(12) b =

Let us put B, = (BE;‘))lgi’sz and By (t) = 2By, Then, since
M(gu) = M(2® + tiz + 1, 52" + 1)
= sM(a°,2° ") + t1 My (2°,1) — sty My (2°~ ', @) — sM(2° ", 1)
+ t%MS(% 1)+t M(1,1),
we have

(a) if s =2,
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(b) if s > 3,
s (1,5) = (1,1)
1y (i,7) = (1, ) or (s,1)
pw _ JA—sh itj=s+1,2<ij<s-1
Y -5 i+j=s5+2
G (1,5) = (s,9),
0 otherwise,
which, by equation (12), implies
(a')if s =2,
o[ 2= (=2t
YUl n=2t/n (n—-1)tF/n—-2 |’
(t') if s > 3,
s(n—s)/n (i,j) = (1,1)
(n—s)ti/n (i,5) = (1,s) or (s,1)
g _ J =8t j=s+1,2<0j<s -1
R i+j=s5+2
(n—=1)t3/n (i,5) = (s,5),
otherwise.

Therefore, if s > 3, the matrix B, = (Bgy))lgi,jgs has the expression of the form

Here, let us denote by

Pu(w) = 3 W = Blug, -
k=0

[ s(n—s)/n 0 0 0 e
0 0 0
(1 — S)tl
0 .
: 0 (1 — S)tl
0 (1—-39)t1 -5
| (n—s)t1/n -5 0 0

0
(1 — S)tl

—S8

0

(n—9)t1/n ]
0
0
0

(n— 1) /n

; Us; l') <: Z hs—k(u()a e 7us)xs_k>
k=0

the characteristic polynomial of B,,. Note that since we have hgﬁ)k € R[t1] by the

proof of Lemma 4, we have only to prove h

(

S

By the above expression of B,,, we have

(a") if s =2,

Dy (1) = 2% —

—1)t2 —4
(n )1 T+

Ti)k is non-constant for any k (1 < k < s).

(n—2)t2 —4n +8

n

n

)
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®") if s > 3,

z—s(n—s)/n —(n—s)t1/n
z (s=Dt1 s
4+ (s=1t1 s
s T
(s=1)t1 s T
—(n=s)t1/n s z—(n—1)/n
By (z) = (s is odd),
z—s(n—s)/n —(n—s)t1/n
T (s=1t1 s
z  (s—Dt
(s=Dt1 z+s
(s—=Dtr s T
—(n—s)t1/n s z—(n-1)8/n
(s is even).

Example 1. (1) Put s =7 and n = 10. Then, we have

gu(@) =2" + iz +1, fult;z) =" +t(a" +tz+1),

z—21/10 0 0 0 0 0 —3t1/10
0 z 0 0 0 6t 7
0 0 =z 0 6t1 7 0
Do () = 0 0 0 z+6t1 7 0 0
0 0 6t 7 z 0 0
0 6t1 7 0 0 =z 0
—3t1/10 7 0 0 0 0 z-9t2/10
9 21\ 27 . 351 63
7 2 6 3 2 5
= —— 12 46t — — — e T Ty — 147
x+( 101 T oh 10)x+( 517 5 175 )‘r
324 , 2106 5 1197 , 3087\ 4
+ [ =t - 3+ t3 — 588t + — |z
( 5 17 5 1 ! 0
1944 5832 5859 16758 6174
+( 5+ 5 t3 + - 5+ 5 t3 + 5 t1+7203>r3

( 5832 o 34992 , 21546 , 50274 , 95697
+ (=4S + 5 — t 5 —

151263
2 + 14406t; — 2
5 Aty gt e it T )m

1

34992 . 11664 , 81648 5 15876 , 111132 , 21609 , 151263
- t7 + t$ — t3 3 — t3 2 —

5 5 5 5 5 5 5
69984 2470629
—117649):c+ ]+ 0
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(2) Put s =8 and n = 12. Then, we have

gu(@) =2 +tix + 1, fult;z) =22 +t(2® +ti2+1)

and
£—8/3 0 0 0 0 0 0 —t1/3

0 z 0 0 0 0 Th 8

0 0 z 0 0 Tt 8 0

B 0 0 0 « T 8 0 0

Pu(w) = 0 0 0 T4 z+8 0 0 0
0 0 Tt 8 0 0 0

0 T8 0 0 0 0

—t1/3 8 0 0 0 0 0 z-—11¢2/12

11
=2% + (——t2 + ) x’ 4 (—152t§ _ o 0) % + (5%9# — 2563 — 1024)

3
( 26411 6 _ 22756 4 , 31744

22736 45824
+ ( 3 4+ t? + 16384) zt + s+ 3 2+ 65536) z3
4 1064 12941 107564
_ 355348 ¢ 5 _ 9130481t 064960 , 2 sou088) 22 + 9 39t?+ 0756 st?
3 3 12 3
1404928 , 1835008 , 4194304 823543 o 16777216
3 5 T T 5 )t g h 3

Proof of Lemma 5. To prove Lemma 5, it is enough to prove deg hg’i)k > 1 for
any k (1 < k < s). This is clear for s = 2 by (a”) and we suppose s > 3
hereafter. To prove deg h(u) >1 (1 <k <s), let us compute the leading term
of hg@k (€ R[t1]). Then, since h( . is the coefficient of the term h( ) 257F of the

characteristic polynomial @, (z ), we need to maximize the degree in t1 when we
take ‘s — k” « and the remaining k elements from R[¢1].

(a) Suppose s is odd. Let us divide the case into three other sub-cases.

(al) Suppose k is odd and 1 < k < s —2.
In this case, the degree of the leading term of h(:i)k is k+ 1. In fact, it is obtained
by taking
(al1) —(n —1)t?/n from the (s,s) entry x — (n — 1)t /n,
(al2) ‘k — 1 (s — 1)t; from entries of the form (i,s+1—1) (2<i<s—1).
First, suppose we take the (s, s) entry  —(n—1)t? /n from the s-th row. Then we
must take the (1,1) entry from the first row. Next, let us proceed to the (s — 1)-th
row. If we take the (s —1,s—1) entry z from the (s — 1)-th row, then we must also
take x from the second row, while if we take (s — 1)¢; from the (s — 1)-th row, then
we must also take (s — 1)¢; from the second row. The situation is the same for the
(s — 2)-th row, the (s — 3)-th row ... and so on, which implies that (s — 1)¢; must
occur in pair.
Hence, the leading term of hiqi)k is

St (D) oy (F) = 10z0)

and the degree of this term is k + 1 (> 2).
(a2) Suppose k is odd and k = s.
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Ifk=s, hi’i)k = héu) is the constant term of @,,(x). In this case, the degree of the
leading term of héu) is s. In fact, it is obtained by taking

(a21) —(n —1)t?/n from the (s,s) entry  — (n — 1)t /n,

(a22) If s > 5 (& (s,k) # (3,3)), ‘(s — 3)/2’ pairs of (s — 1)t; from entries of the

form (i,s+1—14) 2<i<(s—1)/2, (s+3)/2<i<s—1),

(a23) (s — 1)t from the ((s+1)/2,(s+1)/2) entry = + (s — 1)t

(a24) —s(n — s)/n from the (1,1) entry = — s(n — s)/n
or by taking

(a25) all anti-diagonal entries.

Therefore, the leading term of héu) is

_"; 1tf A(=1) - (s = 122372 (s — 1)ty - <_5(”_5)>

n

0 () e - PR

(n — S,)n(s — 1) . (_1)(573)/2(8 _ 1)57215?

(—1)==3)/2 (n—s)(s = 1)8711@

for any s (s > 3) and the degree of this term is s.

(a3) Suppose k is even.

In this case, we have 2 < k < s — 1 and the degree of the leading term of hgqi)k is
k 4+ 1. In fact, it is obtained by taking

(a31) —(n —1)t3/n from the (s,s) entry  — (n — 1)t /n,

(a32) It s > 5 (& (s, k) # (3,2)), ‘(k—2)/2 pairs of (s — 1)t; from entries of the
form (i,s+1—1) 2<i<(s—1)/2, (s+3)/2<i<s—1),

(a33) (s —1)t; from the ((s+1)/2,(s+ 1)/2) entry = + (s — 1)t;.
Therefore, the leading term of hgli)k is
n—1, ((s—3)/2 2,21 (k—2)/2

: 1) -(s—1 (s—1
2 ({12 s) (D (s = PR s 1)y
for any s (s > 3) and the degree of this term is £ +1 (> 3).

(b) Suppose s is even (s > 4). We also divide this case into three other sub-cases.
(b1) Suppose k is odd.
In this case, we have 1 < k < s — 1 and the degree of the leading term of h
k + 1. In fact, it is obtained by taking

(b11) —(n —1)t3/n from the (s,s) entry z — (n — 1)t3/n,

(b12) ‘(k—1)/2’ pairs of (s—1)¢; from entries of the form (4, s+1—14) (2 < i < s—1).
Therefore, the leading term of hiqi)k is

n—1, ((s—2)/2 2,27 (k—1)/2
LA —1)- (s — 1)%
S (G - )

and the degree of this term is k + 1 (> 2).

(

u) .
s_k 18




16 SHUICHI OTAKE AND TONY SHASKA

(b2) Suppose k is even and 2 < k < s — 2.
In this case, the degree of the leading term of hi@k is k. In fact, it is obtained by
taking

(b21) —(n —1)t3/n from the (s,s) entry z — (n — 1)t3/n,

(b22) ‘(k—2)/2’ pairs of (s—1)t; from entries of the form (¢, s+1—1i) (2 < i < s—1),

(23) —s(n — s)/n from the (1,1) entry x — s(n — s)/n
or by taking

(b24) —(n — 1)t3/n from the (s,s) entry z — (n — 1)t3/n,

(025) Ifs>6 (& (s, k) # (4.2), ‘(k—2)/2 pairs of (s — 1)t; from entries of the

form (i,s+1—1) 2<i<(s—2)/2, (s+4)/2<i<s—1),

(b26) s from the ((s +2)/2,(s +2)/2) entry = + s
or by taking

(b27) ‘k/2’ pairs of (s —1)t; from entries of the form (i,s+1—1i) (2<i<s—1)
or by taking

(b28) One pair of —(n — s)t;/n from the (1,s) and the (s, 1) entry,

(b29) ‘(k—2)/2’ pairs of (s—1)¢; from entries of the form (i, s+1—14) (2 < i < s—1).
Here, note that if we take the (s,1) entry —(n — s)t;/n from the s-th row, we must
also take the (1,s) entry —(n — s)t;/n from the first row.

Therefore, the leading term of hiﬁ)k is

_n; lt% . (Ez— 2)/2>{(_1) (s — 1)22)-2)/2 (_m>

—2)/2 n
=T () (D =P (0 ) e a2
+ (0 EO ) (7D e - ey

(G G )

S — n_52 S —
() S (T e - - e

for any s (s > 4). Then, since

(s—4)/2 s—k/(s—2)/2 (s—2)/2 s—k/(s—2)/2
((k—2)/2>:s—2((k—2)/2)’( k/2 >: ( - )

we have

s(n—s)(n—1) ((s - 2)/2) _s(n—1) ((s —4)/2)

(13) (k- 2)/2

s— n—s)2 /(s —
_(5—1)2(( k/22)/2)_( n2) (ék_z;g>

n2 n(s —2) k n?

_ (s(nfs)(nf 1) s(s—k)(n—1) (s—1)%(s—k) B (n75)2> ((572)/2)
(k—2)/2

_ s{(k(k+s2 —4s+2) — s>+ 452 =55+ 2) n — k(k + s — 4s + 2)} ((5—2)/2>
B nk(s —2) (k—2)/2/"



SOME REMARKS ON THE NON-REAL ROOTS OF POLYNOMIALS 17

Hence, if the above value becomes zero, we have
(k(k+s®>—4s+2) —s®+4s* —5s+2)n— k(k+ s> —4s +2) = 0,

which implies

(14) k(k+s*—454+2)=0, —s°+4s> —55+2=10

or

k(k+ s? —4s+2)
k(k+s2—4s+2) — s3 +4s2 —5s+ 2

Here, (14) is impossible since —s3 + 45> — 55 +2 = —(s — 1)?(s — 2) and s > 4.
Also, (15) is impossible since, for any s > 4 and 2 < k < s — 2, we have

E(k+s? —4s+2) > 22+ s> —4s+2) > 2(s — 2)? > 0

(15) n=

and
E(k+s® —4s+2) — s + 45 — 55+ 2
<(s—=2){(s—2)+s*—4s+2} — s> + 45 — 55+ 2
=524 5+2
=—(s+1)(s—2) <0,
which implies n < 0, a contradiction. Thus, the above value (13) is non-zero and
the degree of the leading term of hi’i)k is k.

(b3) Suppose k is even and k = s.
Ifk=s, hi’i)k = héu) is the constant term of @, (x). In this case, the degree of the
leading term of héu) is s. In fact, it is obtained by taking
(b31) —(n — 1)t2/n from the (s, s) entry z — (n — 1)t?/n,
(b32) ‘(s—2)/2’ pairs of (s—1)t; from entries of the form (i, s+1—14) (2 < i < s—1),
(b33) —s(n — s)/n from the (1,1) entry x — s(n — s)/n
or by taking
(b34) all anti-diagonal entries.

Therefore, the leading term of h™) is

_n= 1@ (1) - (s — 1)22}-2/2. (_5("_5))

n n

+(=1)- (n ; St1)2 A(=1)- (s — 1)215%}(5—2)/2

_ _ 1)371
— (—1)-2)/2 (n—s)(s 45
(1) )t
and the degree of this term is s (s > 4). O
Lemma 6. Let v = (vg, -+ ,vs) € R*T! be a real vector and n (> s) be an integer.

Put
Pv(t) = det Mn(fv(t; :E)) = det Mn(f(n) (UOa e 7Usat; I))

and o, = max{a € R | P,(a) = 0}. If there exists a real number py (> ) such
that Ny, (¢;z) = Yo for any & > po, we have Ny, (¢.x) = Yo for any & > .
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Proof. Put A, (t) = M, (fu(t;x)). Then, by Proposition 2, we have 79 = o(A4,(§))
for any & > po. Let us also put

R={peR|p>ay, 0(Ay(§)) =10 for any { > p}.

Since R is a nonempty set (po € R) having a lower bound «,,, R has the infimum
pPv; Py = inf R. Then, it is enough to prove p, = a,,. Here, suppose to the contrary
that p, > «a, and we denote by

x) = Zwk(t)xk € R(t)[]
k=0

the characteristic polynomial of A,(¢). Note that wi(¢) € R[t] (0 < k < n) and
for any £ > au, Q2,(&;x) has n non-zero real roots (counted with multiplicity)
since A, (§) is symmetric and det A, (§) # 0. Then, by Proposition 3, there exists a
positive real number ¢ such that p, —8 > a,, and for any & € [p, — 6, py+9], Ly (&; 2)
has the same number of positive and hence negative real roots with ,(py;z). On
the other hand, since p, = inf R, there exist real numbers &, (p, < &x < py + 0)
and £ (py — 0 < &€ < py) such that 0(Ay(€4)) # 0(Ay(€-)), which implies
(€45 2) and Q,(€_; x) have different number of positive and hence negative real
roots. This is a contradiction and we have p, = «,. O

3.4. Proof of Theorem 2. Let r = (rg,---,75) € R*t! be the vector as in
Theorem 2 and put

(n—s+1)/2, n—s—1:even
nng =
0 (n—s+2)/2, n—s—1:odd.

When n — s > 2, we inductively define the matrix A,(t)x = (az(;) (t)k)1<ij<n

(2 < k < n—s) as the matrix obtained from A, (t);_1 by sweeping out the entries
of the k-th row (k-th column) by the (k,lo — k) entry —(n — s)rst ((lo — k, k) entry
—(n — s)rgt). That is, we define Ap(t)r = 'Sp(t)Ar(t)—15r(t)1, where

n (r)
t)i—
H R, (lo _k7m;_akm()kl> (2 < k < no)

(n — s)rst
e ) (r)
Sr()r = ay, (¢ g () -1
Ry [ lo—k k;— “2(n— )it ml_k[+1R mi =

(ng <k <mn-—s).

Then, if n — s > 1, we can express the matrix A, (t),—s as follows;

[ 1 0 e 0
0 0 oo —(n—s)rst
I 0 O
Aoy = | 0 —(n=s)rst 0 0

O Cr(t)nfs

Note that a\" )(t);€ 1 and a,(;; (t);c 1 appearing in S, (t); are degree 1 monomials in

km
t and hence the numbers —akm( Ye—1/(—(n — s)rgt), —akk( Ve—1/(—2(n — s)rst)
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appearing in S,.(t); are just real numbers. Therefore, the entries of the s x s
symmetric matrix Cp(t),—s = (CE;)(t)n_s)1§i7j§5 (n — s > 1) are of the form

(r) _ 732 y(r) ()
(16) o) (Onos =0 2+ N7t (N €R).
Moreover, since the matrix
1 0 e 0
0 0 ceo —(mn—=s)rgt
Dr(t)n—s = . .
: : 0
0 —(n—s)rgt 0 0
is equivalent to the matrix
M1
0 —(n — s)rst
—(n — s)rst 0
0 —(n — s)rst
L —(n —s)rst 0
(n—s:odd)
D’r(t)n—s = M1 1
—(n — s)rst
0 —(n —s)rst
—(n —s)rst 0
0 —(n —s)rst
—(n—s)rst 0 ]
(n— s : even)
over R, we have
1 n—s:odd
(17) 0(Dp(E)n-s) = 0(Dp(E)n—s) =<0 n—s:even, r, >0

2 n—s:even, s <0

for any real number § > .. (> 0). Here, note that since P,.(0) = 0, we have a;. > 0.
Next, let @,(t; ), ¥, (t; x) be characteristic polynomials of By(t), Cp(t)n—s, re-
spectively. Then, by equations (11) and (16), we have

Dp(t;2) = 2° + h{D 2™ o W12 4 e
(A7 = ho-k(ro, - r) ER (1<K <5))
Uy (t; ) = 2° + (hg’?lﬁ + ws,l(t)) g
+ (hg”)t%*2 - wl(t)) x4 (hf)”)tQS + 1/10(15))
(Po(t), -+, ¥s—1(t) € R[], deg ths—i(t) <2k (1 <k < 5)).
Here, let us divide the proof into next two cases.

(i) The case h(()r)hgr) e hg@l # 0.
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In this case, we have

h(", 12
t t
L pr e <1+ i) )H h) 29 <1+ 1@())
i) p2s—2 B 25
1 0

and 1+ ws,k(t)/hgi)kt% — 1 (t = o) for any k (1 < k < s). Moreover, since

héT)hgr) e hgi)l # 0, we have hér) # 0, which implies that for any non-zero real
number £, @,.(&; x) have s non-zero real roots (counted with multiplicity). Thus,
there exists a real number pg (> a,.) such that for any real number £ > po, ¥, (§; )
have the same number of positive (hence also negative) real roots with @,.(&; z) by

Proposition 3, which implies 0(Cy.(§)n—s) = o0(Br(§)) and hence o(Cp(§)n—s) =
N,y =7 (€ > po) by Lemma 3. Then, by the equation (17), we have
y+1 n—s:odd
o(Ar(&)n—s) =4 n—s:even, rs >0
Y+2 n—s:even, ry <0
for any & > pg, which implies

¥y+1 n—s:odd
Nfr(é;z) =0(Ar(§) = {7 n—s:even, rg >0
Y4+2 n—s:even, s <0
for any & > pg since A, (¢) and A, (§)n—s are equivalent over R. Hence, by Lemma
6, we have
vy+1 n—s:odd
Nf,(g;;p) =437 n—s:even, rs >0
Y+2 n—s:even, rs <0
for any & > a..

(ii) General case.

Let ¢ be a positive real number and for any vector v € R*t!, set
a,, = max{|a| | @ € C, Py(a) = 0}.

Clearly, we have o/, > a, for any v € R**1. Here, let us put p, = al. + 9. Then,
by Lemma 6, it is enough to prove the next claim.

Claim 1. For any real number & > pj,, we have
Yy+1 n—s:odd

Nfr(ﬁ;:c) =37 n—s: even, rs >0
Y+2 n—s:even, rs <O0.
Proof. By the assumption that g, () is a separable polynomial of degree s and the

fact that the non-real roots must occur in pair with its complex conjugate, there
exists a real number g such that for any vector v = (v, - -+ ,vs) € R*T! satisfying
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|r — v|o = maxo<p<s{|Tk — v} < b0, go(z) is also a degree s separable polynomial
satisfying Ny, = N, = 7 by Proposition 3.

(S1) If a vector v € R satisfies |r — vy < o, then g, () is also a degree s

separable polynomial satisfying Ny, = Ny, = 1.

Next, we put
P(t) = ap(to, -+, t)t* = det A(t) (A(t) = A(to, - ,ts,1))
k>0
and let us consider P(t) as a polynomial over Ey = R(tg,- - ,ts) in t. Then, since
xi(to, - ,ts) € Rltog, -+ ,ts] for any k > 0, there exists a real number §; > 0 such

that for any vector v € R*T! satisfying |r — v|o < 1, we have |al. — al)| < eo by
Proposition 3;

(S2) If a vector v € R¥™! satisfies |r — v|o < &1, we have |al. — al,| < o.

Here, let £ be any real number such that & > pj, = al. + &g and let
Q(t07 e 7tS7§; fE) = Zyk(t()v e ,ts)xk € El[x]
k=0

be the characteristic polynomial of the Bezoutian

A(t07' te 7t87£;x) = Mn(f(n)(t07 e 7t876;x)7f(n)(t07 T 7tsa§;x)l)'

Here, ) (tg, -+ ,ts, & ) is the derivative of

n

F (o, e, & @) =Y 2(to, -+ s ts)a* € By [a]
k=0

with respect to z. Then, since zi(to, - ,ts) € Rltg, - ,ts] (0 < k < n), we also
have yg(to, - ,ts) € Rlto, -+ ,ts] (0 < k < n). Moreover, since & > p{ > o, we
have det A,.(§) = det A(rg, -+ ,7s,£) # 0.

By these arguments, we can also deduce that there exists a positive real number
2 such that for any vector v € R*t! satisfying |r — v|p < &2, the characteristic
polynomial £, (&; 2) have the same number of positive and hence negative real roots
with €Q,.(§;2) (counted with multiplicity), which implies Ny, (¢.) = 0(Ar(§)) =
0(As(8)) = Ny, ()

(S3) If a vector v € R*" satisfies |[r — v|o < &2, we have Ny (¢.) = Ny, (6:0)-

Put § = min{dy, 1,82} > 0. Then, there exists a vector w = (wp, - -+ ,w,) € R¥H1
such that

(a) Ir —wlo < &, (b) b ™) - h(7} # 0.
Here, we put hgﬂc = hs—i(wg, -+ ,ws) for any k (1 < k < s). In fact, since
hs—k(to, -+ ,ts) is a non-zero polynomial for any k (1 < k < s) by Lemma 4, the
product [];_, hs—k(to, -+ ,ts) is also non-zero, which implies that there exists a
vector w € R*T! satisfying (a) and (b).
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Let w € R**! be the vector as above. Then, since |r — w|g < § < &g, gw(x) is
a degree s separable polynomial satisfying N, = v by (S1) and also, by (S2), we
have aq < al, < af. +e9 = pjy < &. Thus, by (b) and the case (i), we have

vy+1 n—s:odd
Nioem)y =\ n—s:even, ry >0
Y+2 n—s:even, rg <0,

which, by (S3), implies

y+1 n—s:odd
Nivgm)y =7 n—s:even, ry >0
Y+2 n—s:even, ry <0.

Since ¢ is any real number such that £ > pf), this completes the proof of Claim and
hence the proof of Theorem 2. O

Proposition 5. Let g(z) = Y.7_,a;z" be a polynomial in R[z] such that A, # 0
and

(18) ft,x)=a" +1t-g(x)

If g(x) is totally complex, (n—s) is even, and as > 0 then f(5,x) is totally complex
for all > max{a| Az () =0}.

Proof. We have to show that f(3,x) has no real roots. Since g(z) is totally complex
we have that v = 0. Ny, = 7 as 8 > max{a|A ) (o) = 0} and a, > 0, so
Nyge) =7 = 0. Hence, f(j,z) is totally complex.
U
Let K := Q(t,ap,-..,as) be the field of transcendental degree s + 1 and g(z) =
Yo aiz'. Then we have the following.

Corollary 2. Let K := Q(t, ag, - ..,as) be the field of transcendental degree s + 1,
g(x) =7y a;z" and
flt,x) =2+t g(x)

For any value of (Mo, ..., s) € Z°T1 if g(No,..., \s,x) € Zlx] is irreducible and
satisfies the conditions of the Eisenstein criteria, then f(x) is irreducible, over Q.

We also note:

Remark 4. It can be verified computationally by Maple that ifn <9 and1 < s <n
then the Galois group Gal i (f,x) is isomorphic to S,.

Remark 5. Polynomials in Eq. (18) for s = 1 and t = 1 has been treated by Y.
Zarhin in [18] while studying Mori trinomials. It is shown there that the Galois
group of f(x) over Q is isomorphic to S,; see [18, Cor. 3.5] for details.

In general, if we let K := Q(t, ag,...,as) be the field of transcendental degree
s+ 1, for 1 < s < n, then we expect that Gal x(f) = .5, for all n > 1. If true, this
would generalize Zarhin’s result to a more general class of polynomials.
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