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Abstract

We formulate Vojta’s conjecture for smooth weighted projective varieties,
weighted multiplier ideal sheaves, and weighted log pairs and prove that all three
versions of the conjecture are equivalent. In the process, we introduce generalized
weighted general common divisors and express them as heights of weighted pro-
jective spaces blown-up relative to an exceptional divisor. Furthermore, we prove
that assuming Vojta’s conjecture for weighted projective varieties one can bound
the log hwgca for any subvariety of codimension > 2 and a finite set of places S.
An analogue result is proved for weighted homogeneous polynomials with integer
coefficients.

Keywords: Weighted Vojta’s Conjecture, Weighted generalized common divisor,
‘Weighted blow-up

1 Introduction

The theory of weighted local and global heights for weighted projective varieties and
closed subvarieties was introduced in [13]. Weighted heights provide an efficient way of
dealing with rational points on weighted varieties compared to the classical approach
of considering their projective image under the Veronese map. Some of the natural
questions on this new approach is whether the main conjectures of arithmetic geometry
can be formulated for weighted varieties and weighted heights. This paper accomplishes



exactly that for one of the most important conjectures of arithmetic geometry, that
of Vojta’s conjecture.

We generalize the generalized logarithmic greatest common divisors to generalized
logarithmic weighted greatest common divisors and express them as a weighted height
of a blow-up relative to a weighted exceptional divisor. Moreover, we are able to
state Vojta’s conjecture for smooth weighted projective varieties in terms of weighted
heights.

This paper is organized as follows: In Sec. 2, we give a quick summary of some of
the basics of weighted projective spaces ]P’Z; > their weighted heights, and the concept
of rational points on weighted varieties. In the last part of Sec. 2, we provide an
example of a weighted hypersurface having no rational points of weighted height < 2 in
PELQ, 14,6,10),Q" This corresponds to the locus L, of genus two curves with extra involutions
in weighted projective space in P?2,476)10))Q; see [14] for more details on this topic.
The analogue statement in terms of projective varieties is that the projective image
¢60(L2), under the Veronese map ¢, has no rational points of projective height < 20,
This is to illustrate that the bound on the height changes so dramatically that it is
well worth it to consider arithmetic properties of the weighted variety instead of its
projective counterpart.

In Sec. 3, we review the Vojta’s conjecture on algebraic points on projective vari-
eties; see Conj. 1, We state the conjecture using a correction term involving a multiplier
ideal sheaf instead of using the normal crossing divisors; see Conj. 2, and summarize
[19] on Vojta’s conjecture for log pairs. This makes it possible to drop the condition
that the variety be smooth in the statement of the conjecture. Vojta’s conjecture for
log pairs is stated in Conj. 3.

In Sec. 4, we investigate whether it is possible to have analog statements for
weighted varieties and weighted heights. In Conj. 4, we state Vojta’s conjecture for
X a smooth weighted projective variety, Ky a canonical divisor, A an ample divisor
and D a normal crossings divisor on X, all defined over Q. An analogue of Conj. 2,
for weighted projective varieties is stated in Conj. 5. The terminology and theory for
weighted log pairs is developed in this section, so we are able to state Vojta’s conjec-
ture for weighted log pairs in Conj. 6. Finally, in Cor. 1, we prove that Conj. 4, Conj.
5, and Conj. 6 are equivalent.

In Sec. 5, we extend the concept of the generalized greatest common divisor to
that of generalized weighted greatest common divisor. Furthermore, we prove that
generalized logarithmic weighted greatest common divisor is equal to weighted height
of points on a blow-up of Py o with respect to the exceptional divisor of the blow-up.

More precisely, we prove (cf. Thm. 1) that for X a smooth weighted variety in
Py o A an ample divisor on X', Y C X a smooth subvariety of codimension r > 2, and
—Kx a normal crossing divisor whose support does not intersect ), assuming Conj.
4, for every finite set of places S and every 0 < € < r — 1 there is a proper closed
subvariety Z = Z(e, X, Y, A, S) of X, and constants

Ce=C.(X,V,A,5) and 6. =0.(X,V,A),



such that for all P € (X \ Z)(Q) one has
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log hwgea (P3Y) < e5x,4(P) + mﬁ/x,—Kx,s(P) +Ce. (1)

Let q = (go,- -+ ,qn) be a well-formed set of weights, IP’;LVQ the weighted projective
space over Q with weights q, m = lem(qo, -+ ,qn), and Z C IP’;LVQ be a closed subvariety
defined by fi,---, ft € Zq[xo, ..., 2], such that ZﬂSing(]P’g’Q) = (), with codimension
r =n—dim(Z) > 2 in X. Assume that S is a finite set of primes, ¢ > 0, and

the Vojta’s conjecture holds for smooth weighted varieties (see Conj. 4). Then, there

exists a nonzero weighted polynomial g € Z4[zo, ..., z,]| and a constant 6 = d. z > 0,
such that every & = (g, -+, ) € Z" ! with wged (ap, -+, a,) = 1 satisfies either
g(&) =0or
~ ~ L a1 .)°¢ 1
ged(£1(@), -+ fu(@)) < max {Jao|®, - a7 }} - (a0 anls) T, (2)

where | - |5 is the “prime-to-S” part of its origin (cf. Thm. 2).

As a final remark, we mention that the Weighted heights provide a very natural
approach of bounding the ”size” of points on a weighted variety and the classical
projective height is only a special case of weighted heights. It is still unclear whether
this new approach of bounding the size of points on weighted projective varieties via
weighted heights, instead of the traditional approach of bounding the size of points on
projective varieties will lead to any progress toward proving Vojta’s conjecture. That
remains object of future research.

2 Preliminaries on weighted projective varieties

In this section we provide some background on weighted projective varieties and their
heights. For details the reader can consult [13] and its references.

2.1 Weighted projective varieties

Given any integer n > 1, let ¢ = (qo,-..,¢n) be a vector of positive integers. For
any field k, A7 and P} denote the affine and projective spaces of dimension n over k,
respectively. Consider the polynomial ring R = kq[zo, ..., 2,| where x; has weight ¢;
for i =0,1,--- ,n. We define the weighted projective space of dimension n to be
the projective scheme Proj(R), and denote it by Py ;. Notice that if ¢ = (1,...,1),
then Py 1s nothing but the usual projective space IP). We simply write A", P", and
Py, for the affine, projective and weighted projective spaces of dimension n over k an
algebraically closed field containing k.

We say that Py, is reduced if ged(qo, -+ ,qn) = 1. Tt is called normalized or
well-formed if ged(qo, .- -,Gi,---,qn) = 1, for each i = 0,...,n. We notice that any
IP’:ILJC is thus isomorphic to a reduced and well-formed one. To see the proof, one can
see [13, Prop. 3.3] or [3, Sec. 3C].



A polynomial f € R is called a weighted homogeneous of degree d if every
monomial of f has weight d, i.e.

n

f(xo,...,xn):Zain?j, for a; €k and t € N,

i=1  j=0

and for all 0 < i <n, we have Y .| ¢;d; = d.
By a weighted variety we mean an integral, separated subscheme X" of finite type

of Py, equivalently, if there are weighted homogeneous polynomials fi, -+, f; € R

such that X is isomorphic to the k-scheme Proj (Uifz”) . For example, a weighetd

1,7 Jt

hyperplane in Py is defined as Proj (%) , where /¢ is a weighted homogeneous

polynomial of degree m = lem(qq, . .., qy,) of the form
Uz0,...,2,) = aoxgl/q" a2 4t a, (3)
When the positive integer m is an arbitrary multiple of lem(qo, . . ., g, ), above equation

defines a weighetd diagonal hypersurface in Py ;, of degree m, see [6].

2.2 Rational points on weighted varieties in IP’:]‘

For q = (qo,---,qn), we assume that k contains a fixed primitive g;-th root of unity
&4:, which generates a cyclic subgroup of k denoted by p,, for every ¢ =0,--- ,n. Let
Gq = Hgy X *++ X [iq,, which is a finite group of order |G4| = []\—, ¢;- Then, there is
an action of G4 on P" given by

(503"' 7£n).[y0 : yn] = [foyo : fnyn} (4)
The weighted projective space Py is isomorphic to the quotient space of this action,

i.e., say Py = P" /Gy as described below. Let 0 = (0,---,0) be the origin of Artl
and consider the morphism 7 : A"*1\ {0} — A"*+1\ {0} defined by

770(2/07"' 7yn) = (5507"' axn> = (y807-~'aygn)' (5>

It induces the following diagram

AT\ {0} = AT\ {0} (6)
P" ik P?
P" /Gy 7



where p : A"t1\ {0} — P" is the canonical map (yo, -+ ,¥n) = [Yo : -+ : Yn), and
pq : A"\ {0} — P? is given by

40

Pq (o, ,xn) =pq (Y&, ydn) = [yd® o s ydn].

Hence, 74 : P" — Py /Gy is the induced quotient map of the action, which commutes
with the map mq : P* — Py given by

T ([yo -+ iyn]) = [wo: - can] o= [yg" < -yl (7)

The morphism 7 is surjective, finite, and its fibers are orbits of the action of Gy on P".

See [7, Chap. V, Props. 1.3 and 1.8] for more details. Furthermore, Py is an irreducible,

normal and Cohen-Macaulay variety having only cyclic quotients singularities, see [4].
Conversely, there is a map ¢y, : Py — P" which is defined by

Odm([xo: - xp))=[yo: - :yn] = [xgl/qo :xT/ql : -~~:1721/q"]. (8)

We notice that ¢,, and mq are non-canonical maps between PPy and P". If q is reduced

and all of m/g; are co-prime, where m = lem (qo, - - - , ¢;) , then Py is isomorphic to P"
by via the map ¢,, and its inverse is mq, see [3, Sec. 3C].
As in the usual projective spaces, a point x = [xg : -+ : @] € Py is k-rational if

and only if p; ' (x) is invariant under the Galois group Gal(k/k). We denote the subset
of rational points on Py by Py (k). The orbit of any z = (zo,...,z,) € A"\ {0}
with image pq () = x is the rational curve

C; = pgl(x) ={(\z,...,A\"x,) : A € KX} C A"\ {0}.

Moreover, one has pq(z) € Py (k) if and only if C; N (A"T1\ {0}) (k) # 0. In other
words, the map
pat (A1 {0}) (k) — P3(k) 0

is surjective and induces a bijection
(AN {0}) (k)/ ~ = Pg(k),

where ~ denotes an equivalence relation on (A"™!\ {0}) (k) defined as follows: for
!/

two points # = (zo,...,z,) and &’ = (z{,...,2}) in (A"T1\ {0}) (k), we write  ~ 2’
if there exists some X € k* such that (xg,...,z,) = (A\°x(,..., A%z} ). These can be
proved by Hilbert’s Theorem 90, as in the usual projective case, for more details one
can see [6, Lemma 1.2].

For any weighted subvariety X C P{, the punctured affine cone over X is
defined as C3 = p;'(X). The affine cone Cx over X is the closure of C} in A"+,
The origin point O refers to the vertex of Cxy.

A point x € & is a k-rational point on X if «(x) = [zo : -+ : 2] € Py (k), where
v X — Py is the natural embedding. We denote by X' (k) the set of all k-rational
points on X. Thus, the following diagrams commute



Cx ATIN{O}  Ch(k) ————(A"TI\{o}) (k) (10)

X : P! X (k) - Pr (k)

2.3 Weighted heights on IP’Z

Let k be an algebraic number field as in the previous section and k be an alge-
braically closed field containing k. Denote by M) the set of all places of k, i.e. the
equivalent classes of absolute values on k. It is a disjoint union of M ,8 , the set of all
non-archimedian places, and Mg*, the set of all Archimedean places of k. More pre-
cisely, if v € MY, then v|g is the p-adic absolute value |- |, on Q. If v € M, then
V = Vs and Vso|g is the usual absolute value | - | on Q.

Given any x € Py (k), the multiplicative weighted height over k is defined as

Sk(x) =[] max{|x0|,§’°,...,mn|{,’"} (11)

veE My

and its logarithmic weighted height (over k) as
1
) = log i) = 3 max {2 oglal }. (12)

In [2, Prop. 1] it is shown that height functions S(x) and hence s;(x) are inde-
pendent of the choice of coordinates of the point x. Moreover, in [2, Prop. 5-ii], it is
proved that for any finite extension K|k we have

Sr(x)FH = Sy (x), and hence [K : k] - 5p(x) = sx ().
The absolute weighted height on Py (k) is defined as

S P (k) — [0,00),

13
X = S(x) 1= Sg(x) 1/ HH (13)
and the absolute logarithmic weighted height on Pg(l_c) is given by
s5: Py (k) — [0,00],
x —5(x) == #lo Sk (x) (14)
T [K . k} g K 9



for which K C k is a finite extension of k containing k(x), the field of definition of

x defined by y y
q0 dn
o Lo Ln
k(X) =k (1/%) 717"' 71/%) )
T x,

for some x; # 0. Notice that both of these height functions are independent of the
choice of the field K; see [2]. For simplicity, we call s(x) the global weighted height

on Py (k). For all x € Py (k), we have

3

§() = H (9n()*, and s(x) = - h(6n(x)), (15)
where ¢, is as in (8), H(-), h(-) are multiplicative and logarithmic heights P", and
S(+), s(-) are defined as in (13) and (14).

We notice that the above definition of weighted heights on is compatible with those
is defined by Ellenberg and et. al., in [5], with respect to a vector bundle on a proper
algebraic stack with finite diagonal over a global field.

We end up this section by providing an example of a weighted hypersurface and
its rational points of small weighted height illustrating that it would be difficult to
obtain this result by embedding this to a projective space counting rational points on
that projective space.

Example 1. Consider q = (2,4,6,10) and a weighted hypersurface in ]P";”Q given by
the following equation

41472wy” + 159y°2°% — 236196w?2° — 80y” x + 104976000w? x>z — 1728y° 2%z + 6048y x2>

— 9331200wy>22 — 2099520000w?yz + 122%y3 2 — 542°y22% + 10821y=> + 133227y %2

— 891023y°22 + 293762297 2> — 47952zy2t — 2Tyt — 81232 — 7825y° + 384452 — 69124323
+ 507384000w?y*x — 19245600wya> — 592272wy*2? + 77436wy>2? + 4743360wy 22

— 870912wy? 2>z + 3090960wyz2 2% — 5832wz’ yz — 125971200000w" + 311042° + 972wz%y>
+ 8748wzt 2% — 3499200wzz® = 0

This is the locus Lo of genus two curves with extra involution where (x,y,z,w) =
(J2, Ju, Js, J10), see [14]. The map g : Pg’@ — ]P’(?@ is given by
x=[z:y:z:w = 239y 210 ")
There is a one to one correspondence between the rational points L2(Q) C Py(Q) and
the rational points of peo(L2) C ]P’(?@. An inverse of this map is given in [12].

In [14], it is proved that the above weighted hypersurface has no rational points of
weighted height S < 2. To prove this result via the projective varieties we have to check
the rational points of ¢eo(L2) C ]P)(?@. Since, H(pm(x)) = S(x)™, this is equivalent to
checking for rational points of projective height H (¢ (x)) < 269,

The example above illustrates yet again how efficient computations in the weighted
projective spaces are compared to the projective space. O



3 Vojta’s conjecture for projective varieties

In this section, we recall the Vojta’s famous conjecture on algebraic points of projective
varieties, as well as its variants using a correction term involving a multiplier ideal
sheaf and its version for log pairs of projective varieties. The interested readers can
find more in [15, 16, 17, 19].

3.1 Vojta’s conjecture for smooth varieties

Here we give a brief overview of Vojta’s conjecture over projective varieties defined
over Q. For any finite extension L of Q, we define the logarithmic discriminant
d(L) by

d(L) :== T 1@] log | Disc(L)].

Given a variety X over QQ and a point x € X, we define its logarithmic discriminant
by d(x) == d(Q(x)).

Recall that a Cartier divisor D on a smooth projective variety X is a normal

crossing divisor if at every point in the support of D there are local coordinates
20,21, -,2n such that D is given locally by an equation of the form zpz; ...z, = 0.
Furthermore, the canonical divisor of X is a divisor Ky such that Ox(Kxy) = wa,
where wy is the canonical sheaf of regular forms on X. Paul Vojta made a conjecture
on algebraic points on projective varieties as follows:
Conjecture 1. Let X be a smooth projective variety defined over Q, Kx a canonical
divisor, A an ample divisor, and D a normal crossings divisor on X. Furthermore,
let S be a finite subset of places of Q containing Mg®. Then, given any real constant
e > 0 and any positive integer r, there exists a proper Zariski-closed subset Z of X,
depending only on X, D, A, e, and r, such that

th (X) + Z )‘D(Xv V) < 6h¢4(x) + d(X) + O(]-)a
ves

for all x € (X \ Z)(Q) with [Q(x) : Q] < 7.
The case r = 1 of the above conjecture is known in the literature as Vojta’s
conjecture for the rational points of algebraic varieties.

3.2 Vojta’s conjecture using a multiplier ideal sheaf

In [17], Vojta restated his conjecture using a correction term involving a multiplier
ideal sheaf instead of the normal crossing divisors as follows.

Let Z be a nonzero sheaf of ideals on a projective variety X and ¢ some positive real
constant. Let f : X’ — X be a proper birational morphism such that X’ is a smooth
variety and f*Z = O/ (—FE), for some normal crossing divisor E on X’. Denote by
Rxr/x the ramification divisor of X’ over X and define the multiplier ideal sheaf
Z. and Z; associated to Z and a rational number c as

T. = fuOx/(Rxi/x — [cE]), and I = lim Z. .,

e—0t



where |cE| denotes the round down of the divisor cE. We will denote Z; and Z; by
7 and Z~ respectively.

Conjecture 2. Let X be a smooth projective variety defined over Q, Kx a canonical
divisor, A an ample divisor, and I a nonzero ideal sheaf X. Let S be a finite subset of
places of Q containing Mg®. Then, given any real constant € > 0 and positive integer
r, there exists a proper Zariski-closed subset Z of X, depending only on X, I, A, ¢e,r,
such that

hice (%) + D Az(x,0) = Y Az-(x,v) < eha(x) + d(x) + O(1).

ves ves
for all x € (X \ Z)(Q) with [Q(x) : Q] < 7.

3.3 Vojta’s conjecture for log pairs over QQ

Since Conj. 1, and Conj. 2, do not deal with singular varieties in [19] Yasuda formulated
a generalization of it in terms of log pairs and variants of multiplier ideals. In order
to state his generalization, first we need to recall some terminology. The reader can
refer to [9, 10, 11], or [19] for more details.

Let X be a variety defined over Q. Then, X is said to be Q-Gorenstein if it is
Gorenstein in codimension one, satisfies Serre’s condition S5, and a canonical divisor
Ky is Q-Cartier. For example, if X is normal, then the first two conditions are true
automatically and hence a canonical divisor exists unequally up to linear equivalence
and is Cartier in codimension one.

A Q-subscheme of X is a formal linear combination ¥ = Y"" | ¢; - V; of proper
closed subschemes ); C X with all ¢; € Q. The support of such Y is defined to be the
closed subset U.,«0);, and it is called effective Q-subscheme if ¢; > 0 for every i.
By a log pair, we mean a pair (X,)) of a Q-Gorenstein variety and an effective Q-
subscheme ) of X'. For example, if X' is a normal QQ-Gorenstein and D is an effective
Q-divisor, then (X, D) is a log pair.

A resolution of X over Q is a projective birational morphism f : X’ — X such
that X’ is a smooth projective variety over Q. By a log resolution of a log pair
(X,Y) with Y = "% ¢; - Vs, we mean a resolution f : X’ — X of X such that
the set-theoretic inverse image f~1());) is a Cartier divisor on X, and the union of
exceptional divisor Exc(f) of f with all f=1();)req is a simple normal crossing divisor
of X’. For a log resolution f : X’ — X of a log pair (X,)), the relative canonical
divisor of X’ over (X,)) is defined to be the Q-Weil divisor

Kxiyxy) = Kxrjx — 7Y,

where Ky, x is the relative canonical divisor of " over X', and f*} is the pull-back
of Y by f over X’.

For a log pair (X,)) with a log resolution f : X’ — X, we define Z(X,)) a variant
of multiplier sheaf as

Z(X,Y) = fuOx ([Kxryx,3)])



if X is a normal variety, otherwise, we let

(X, Y) = f.Ox ([Kxr jx)]),

where [-] denotes the round up of the Q-divisors, and f,Ox/(E) denotes the largest
ideal sheaf in Oy for which its pull-back by f is contained in Ox/(E) as an Ox:-
submodule of (constant) function field sheaf My.. Moreover, there exist a constant
g0 > 0 such that for every rational number 0 < € < gg, one has Z(&X, (1 — ¢))) =
Z(X, (1 —&9)Y). Based on this fact, we set

I7(X,Y)=T(X,(1—¢))), (0<ek1).
We also define another ideal sheaf as

H(X,Y) = fOx (| Kxr jx ),

where f, is as above. The definitions of Z(X,)), and hence Z~(X,)), as well as
H(X,Y) are independent of the choice of a log resolution by [19, Lem. 3.1] and [19,
Prop. 3.4] respectively.

For a Q-Gorenstein projective variety X’ with a canonical divisor Ky, we can define
a global height function hx, up to addition of a bounded function. For a log pair
(X,)) of a Q-Gorenstein X', we define the logarithmic height function associated to
the subscheme K(Xﬁy) =Ky + ) as

hK(ny) = hKX + hy, (16)

where hy is the logarithmic height function associated to Y or its ideal sheaf. Next is
Yasuda'’s generalization of Vojta’s conjecture for algebraic points.

Conjecture 3. Let (X,)) a log pair with projective X, YV a closed subscheme with
ideal sheaf T = Z(Y), Kx a canonical divisor and A an ample divisor on X all defined
over Q. Let S be a finite subset of places of Q containing Mg . Then, given any real
constant € > 0 and positive integer r, there exists a proper Zariski-closed subset Z of
X, depending only on X, T, A,e,r, such that

WKy — D M(x,v) = Y Az-(x,v) < eha(x) + d(x) + O(1).
ves ves

for all x € (X \ Z)(Q) with [Q(x) : Q] < r, where H =H(X,Y) and I~ =TI~ (X,)).

One can see that the above conjecture holds for a log pair (X,)) and a log reso-
lution f : X’ — X, if Conj. 1, holds for X’ and the reduced simple normal crossing
divisor

[Kxryxy) +ef V] = [Kxryxyl

for 0 < e < 1, where || denotes the round down of the divisor. Moreover, the
Conjecture 1, Conjecture 2, and Conjecture 3 are equivalent; see [19, Prop. 5.4 and
Rem. 5.5] for a proof.

10



4 Vojta’s conjecture for weighted projective varieties

In this section, we will state the analogues of Vojta’s conjectures given in previous
section for weighted projective varieties. In order to do that we review and fix some
terminologies on weighted varieties.

4.1 Local and global weighted heights

Let X be a weighted variety over k, i.e. an integral separated scheme of finite type
over Spec(k). In [13, Prop. 4.3], It is proved that any line bundle £ on X admits a
locally bounded weighted M-metric || - || = (|| - |]). One can see [13, Sec. 4 |, for more
details on the subject. Given any weighted Cartier divisor D = {(U;, f;)} on X, we let
Lp = Ox(D) be the line bundle of regular functions on D, which can be constructed
by gluing
Ox(D)lv, = fi'Ox(Us)

and 1 becomes a canonical invertible meromorphic section of £p, which is denoted by
gp- Thus, we can equip £Lp with a weighted locally bounded M-metric ||-||, determined
by the max-min method in proof of [13, Prop. 4.3], and denote it by D = (Lp, || - ||).

For each v € Mj, the local weighted height (5(—,7) on & with respect to

D on weighted variety X is defined as

Cﬁ(xv V) = - IOg HgD(X)”u,

for x € X\ Supp(D), where v € M such that v = v|x. The main properties of local
weighted heights are proved in [13, Thm. 4.4]. The global weighted height 5:(x)

on X with respect to L is defined by

Z CZ; (Xa u)7

u€E Mg

where (7 (x,u) = —log ||g(x)]|., and its properties are described in [13, Thm. 4.5].

Fix a weighted variety X in IP’" defined over k, i.e., an integral and separated
subscheme of finite type. Given any closed subscheme y of X over k, we let Zy
denotes the corresponding sheaf of ideals generated by fi,---, f, € kqlzo, -+, zn]
with deg(f;) =d; for j =1,---r. Letting D; :=div(f;) for j=1,--- ,r and v € My,
we define

Cy(av) : (X\D)(K) — R

the local weighted height on X associated to ), by

‘fj(x>|u ] (17)

dj

Cy(x,v) = 115,127,{431. (x,v)} = min q —log

ai
max, |z;].°

By convention, we define (y(x,v) = oo for x € Y(k).

11



The global weighted height on X associated to ), can be defined up to a
bounded function by summing all local weighted heights. More precisely, given x € X,
we let K be a finite extension of k containing k(x) and define:

sy(x) = ) (y(x,u), (18)

u€ Mg

which is independent of the choice of the field K.

We notice that for any weighted ideal sheaf 7 C kq[zo,- - , 2], we may define (7
and sz as (y and sy where Y = Z(Z) is the weighted variety define by Z. The basic
properties of weighted local and global heights associated to closed subschemes are
respectively described in Propositions 4.6 and 4.7 of [13].

4.2 Weil and Cartier divisors on weighted varieties

Let X be a weighted variety in ¢ over the field k. The group of Weil divisors on
X is a free Abelian group generated by weighted closed subvarieties of codimension
one on X. This group is denoted by WeDivy(X). The support of a Weil divisor
D = Y yny-Y is the union of all J ’s such that ny # 0, which is denoted by
Supp(D). Such a divisor is said to be effective if every ny > 0 for all codimension
one subvarieties Y C X.

We define ordy : Ox,y \ {0} — Z to be

ordy(f) = lengthy, |, <O<?>y> ,

which is well defined since Oy y is a local ring. Then, one can extend ordy to the

fraction field kq(X)* in the usual way. The order function ordy : kq(X)* — Z has the

following properties:

(i) ordy(f - g) = ordy(f) + ordy(g)

(ii) For a fixed f € kq(X)* there are only finitely many ) such that ordy # 0.

(iii) Let f € kq(X)*. Then, f € Ox y if and only if ordy(f) > 0. Similarly, f € O% y,
if and only if ordy(f) = 0.

(iv) If X is weighted projective variety and f € kq(X)*, then f € k* if and only if
ordy(f) > 0 for all Y; if and only if ordy(f) = 0 for all Y.

The Weil divisor of any rational function f € kq(X)* is defined as

div(f) = > ordy(f)- ¥

which is called a principal divisor on weighted variety X. Two Weil divisors D and
D’ on a weighted variety X are said to be linearly equivalent if their difference is a
principal divisor. The Weil divisor of zeros and divisor of poles of f, are respectively
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defined as:

(o= D ordy(f) Y, and (floe=— Y ordy(f)-Y

ordy (f)>0 ordy <0

The divisor class group of X is the group of divisor classes modulo linear
equivalence. This group is denoted by Clq(X), and CI(Py ;) for X' =Py .
Now, we define a Cartier divisor on a weighted variety X as an equivalence class
of collection of pairs (U, f;)icr such that the followings hold:
(i) The U; are affine weighted open sets that cover X.
(i) The f; are non zero rational functions, f; € kq(U;)* = kq(X)*.
(iii) ]Jf—; € 0x(U;NU;)", so ;—; has no poles or zeros on U; N U;.
Two Cartier divisors {(U;, f;)|i € I} and {(V}, g;)|7 € J} on a weighted variety X are
said to be equivalent if for all i € I and j € J one has

i € Ox(U; N V)"

9j

The sum of two Cartier divisors is defined in as follows:

(Ui, f)li € I} +{Vj,9))l7 € J} = {U: NV}, fi g)|(3, ) € I x J}.

The set of Cartier divisors with this operation on a weighted variety X form a group
that we denote it by CaDivq(X). The support of a Cartier divisor is the set of
zeros and poles of f;, which is denoted by Supp(D). A Cartier divisor is said to be
effective or positive if it can be defined by a collection {(U;, f;)|i € I} such that
every f; € Ox(U;). For a given f € kq(X)*, the divisor div(f) = {(X, f)} is called
a principal Cartier divisor. Two Cartier divisors are linearly equivalent if their
difference is a principal divisor. The group of Cartier divisors classes modulo linear
equivalence is called Picard group of a weighted variety X, which is denoted by
Picq(X), and Pic(ﬂj’g’k,) when X =Py .

For reduced vector of weights q, in [1, Sections 5, 6], it is proved that the maps
Z — CUPy ), given by 1 — Ox(1), and Z — Pic(Py ), given by 1 — Ox(m),
with m = lem(go, - - , ¢») induce the isomorphisms CL(Py ;) = Z, and Pic(Py ;) = Z,
respectively. Moreover, O]p;z,k(a) is not necessarily an invertible sheaf for any given
integer a € Z. However, the sheaf (’)]p:yk(m) with m = lem(qo, -+, ¢n) is ample and
invertible, and for a,b € Z we have

Opr, (a) ® Opn (m)®? = Opr (a+bm).

Furthermore, it is proved that O]p?; . (m) is ample and there is ¢ € Z depending on g¢;’s
such that Opg_k (em) is very ample. For more detail on the proofs of above assertions,

one can see by [3, Thm. 4B.7 in Sec. 4]. For example, when q = (qo, ¢1, g2) is reduced
and well-formed, then Opﬁ k(m) with m = qoq1q2 is both ample and very ample.
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For q = (1,6,10,15) and m = 30, the invertible sheaf (’)P::,I ,(30) in only ample, but
Ops (30¢) is very ample for all £ > 2. '

Jk

qFor a subset J = {ig, - ,i,} C {0,1,--- ,n} with » < n and a vector of weights
q=(qo, "+ ,qn), we set q; = (¢, ", q,) and my = lem{q;,, - , ¢, }. A Cartier
divisor D on a weighted variety X C IP’;’,  is said to be very ample if there exist a
closed immersion X < Py, for some subset J = {ig,-+ ,ir} € {0,1,--- ,n} such
that Ox (D) = Opr i (mg)|x. We say that a Cartier divisor D on a weighted variety X
is ample if £;D is very ample for some positive large integer £;. In the rest of paper,
we apply the same terminologies to the associated invertible sheaf or line bundle.

4.3 Vojta’s conjecture for smooth weighted varieties

We denote by Sing(Py) the singular locus of Pg. If [zg:...:z,] € Sing(Py), then
x; = 0 for at least one 7. Moreover, if gcd (a;,a;) = 1 for every couple (i, j) with j # i,
then Sing(Py) = {Fo, ..., Pn} where P; are the m + 1 vertices [0:...:1:...:0].

A weighted subvariety X of ]P’;‘,Q is called quasi-smooth of dimension m if its
affine cone Cy is smooth variety of dimension m+1 outside its vertex. The singularities
of a quasi-smooth variety X are due to the k*-action and hence are cyclic quotients
singularities. Furthermore, by [3, Cor. 5.9], if X C P, is subvariety such that & N
Sing(IP’;k) = (), then X is non-singular if and only if X is quasi-smooth.

Let X be a smooth weighted projective variety in IP’Q@ defined over Q. Suppose
that there is an open subvariety Y C X with complement of codimension at least two
which is Gorenstein, i.e., the dualizing sheaf wg is invertible. We let K7, be a canonical
divisor on U such that w), = Oy(Ky), and then define the canonical sheaf Ky as
the closure of Kj; in &

By a normal crossing divisor on weighted X, we mean a Cartier divisor D such

that at every point in the support of D such that D is given locally by an equation of
the form xé/qox}/’h .. x}/q" = 0. Then, we formulate the analogue of Conj. 1, for the
smooth weighted projective varieties as follows:
Conjecture 4. Let X be a smooth weighted projective variety, Kx a canonical divisor,
A an ample divisor, and D a normal crossings divisor on X, all defined over Q. Let S
be a finite subset of places of Q containing Mg". Then, given any real constant € > 0
and any positive integer r, there exists a proper weighted Zariski-closed subset Z of X,
depending only on X, D, A, e,r, such that

sk (X) + Y Co(x,v) < e s5a(x) +d(x) + O(1),
ves

for all x € (X \ Z2)(Q) with [Q(x) : Q] < r.

4.4 Vojta’s conjecture using a weighted multiplier ideal sheaf

In order to avoid using the weighted normal crossing divisors and replace it by an
error term as in [17], let Z be a nonzero weighted ideal sheaf on a weighted projective
variety X and ¢ > 0 a real constant. For the definition of a weighted ideal, one can
see [13]. Let f : X’ — X be a proper birational morphism such that X’ is smooth
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weighted variety and f*Z = Ox/(—FE), for a normal crossing divisor E on X’. Denoting
by Rx:/x the ramification divisor of X" over X', we define the weighted multiplier
ideal sheaf 7, and Z_ associated to Z and c as

T. = fuOx/(Rx1/x — [cE]), and I = lim Z._.. (19)

e—=0t

As in the case of projective varieties, we denote Z; and Z; by Z and Z~, respectively.
An analogue of Conj. 2, for weighted projective varieties follows:

Conjecture 5. Let X be a smooth weighted projective variety, Kx a canonical divisor,

A an ample divisor and T a nonzero weighted ideal sheaf X all defined over Q. Let S

be a finite subset of places of Q containing Mg . Then, given any real constant € >0

and positive integer r, there exists a proper Zariski-closed subset Z of X, depending

only on X, I, A,e,r, such that

sk () + ) Cz(x,v) = Y (o (xv) < esa(x) +d(x) + O(1),

ves vesS
for all x € (X \ Z)(Q) with [Q(x) : Q] < 7.

4.5 Vojta’s conjecture for weighted log pairs

Next we follow closely the terminology of the log pairs for projective varieties as in
section 3.3. A Q-divisor on a weighted projective variety X is a formal finite sum

A Q-divisor D on weighted variety X is said integral if all coeflicients ¢;’s are
integers. By clearing the denominators of ¢;’s, we can write D = ¢D’ for some ¢ € Q
and an integral weighted divisor D’. It is called effective if ¢; > 0 and D; are weighted
integral divisors on X. The support of D, denoted by Supp(D), is

Supp(D) = | Supp(D:)

as in the case of projective varieties. D = > ¢;D; is called ample if ¢; € Q, ¢; > 0
and D; are all ample Cartier divisors on X. Here, by a Weil Q-divisor on a weighted
variety X', we mean a Q-linear combination of its codimension one subvarieties, i.e, an
element of

WeDiv,(X) ® Q.
We use [D] and | D] to denote the round up and round down of any Weil Q-divisor
D = 3", ¢;);, that is,

[D] = Z[Cﬂyi and  [D] = ZL%J%-
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A weighted projective variety X defined over Q is said to be Q-Gorenstein if it is
Gorenstein in codimension one, satisfies Serre’s condition S, and a canonical divisor
Ky is Q-Cartier. For example, if X' is normal, then the first two conditions are true
and hence a weighted canonical divisor exists unequally up to linear equivalence and
is Cartier in codimension one. A Q-subscheme of X is a formal linear combinations

y:ZCi'yi
i=1

of proper closed subschemes ); C X with all ¢; € Q. The support of such ) is defined
to be the closed subset U.,20Y;, and it is called effective Q-subscheme if ¢; > 0 for
every i.

By a resolution of a weighted variety X over Q, we mean a projective birational
morphism f : X’ — X such that X’ is a smooth projective weighted variety over Q.
The existence of such a weighted resolution is proved by Dolgachev in [4, Subsec. 4.2],
by giving a construction of resolution for the sheaf of regular differentials on X. One
can see [18], for a Rees algebra approach on weighted resolution.

A weighted log pair is called a pair (X,)) of a Q-Gorenstein weighted variety
X and an effective weighted Q-subscheme ) of X. A weighted log resolution of a

weighted log pair (X, Y) with
Y= Z ¢ - Vi,
i=1

is a projective birational morphism f : X’ — X of X such that X’ is a weighted
smooth variety defined over Q, the set-theoretic inverse image f~1();) is a weighted
Cartier divisor on X”, and the union of Exc(f) of the exceptional divisor of f with all
F7H(Vi)rea is a simple weighted normal crossing divisor of X”. The existence of a the
weighted log resolution of (X,)) is a consequence of Hironoka’s theorem [10, Thm.
4.1.3].

For a weighted log resolution f : X’ — X as a weighted log pair (X,)), the
relative weighted canonical divisor of X’ over (X)) is defined to be the weighted
Q-WEeil divisor

Kxiyxy) = Kxrjx — 7Y,
where f*) is the pull-back of J by f over &’ and Ky x is the relative canonical
divisor of X’ over X, i.e.,

O(Kx') 2 O(Kx/x) ® ffOx(Kx),

which is a Q-Weil divisor on X”. Given a weighted log pair (X,)) and a weighted log
resolution f: X' — X, we write

Kxrjxy = Zaz - Z,
Z

where Z runs over all prime divisors of X’. The weighted log pair (X,)) is called
strongly canonical (resp. Kawamata log terminal, and log canonical) if az > 0
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(resp. az > 0, and az > —1 ) for every Z. These properties are independent of the
resolution and are also local.

Define the weighted non-strongly canonical locus (wnsc) of the pair (X,))
to be the smallest weighted closed subset W C X such that the weighted pair
(X\W, Y|x\w) is strongly canonical. The weighted non-Kawamata log terminal
locus (wnklt) of the pair (X,)) to be the smallest weighted closed subset W C X
such that the weighted pair is Kawamata log terminal. Similarly the weighted non-
log canonical (wnlc) ) of the pair (X,)) to be the smallest weighted closed subset
W C X such that the weighted pair is log canonical. We denote them respectively as
wnsc(X,Y), wnklt(X,Y), wnle(X, ). One may check that

wnsc(X,Y) C wnklt(X,)) C wnklt(X, D).

For a weighted log pair (X,)) with a log resolution f : X’ — X, we define Z(X,)) a
variant of multiplier sheaf as

Z(X,Y) = fuOx ([ Kxryx,3)1)

if X is a weighted normal variety; see [11, 9.3.56] for the definition of multiplier ideal
sheaf in usual case. Otherwise, we set

I(X,Y) = f.Ox ([Kxr jx ),

where f,Ox:(E) denotes the largest ideal sheaf in Oy for which its pull-back by f
is contained in Oy (FE) as an Oy/-submodule of (constant) function field sheaf M.
Moreover, there exist a constant g > 0 such that for every rational number 0 < € < g,
one has Z(X, (1 — &)Y) = Z(X, (1 — &) Y).

Let

T7(XY) =T, (- 9Y), (0 << 1) o0
H(X,Y) = fLOx/ (| Kxryx3)]),

where f, is as above. We note that the definition of H(X,Y) does not depend on the

notion of “weighted simple normal crossing”.

Lemma 1. The definitions of Z(X,Y), Z=(X,)Y), and H(X,Y) are independent of

the choice of a weighted log resolution.

Proof. By adopting [19, Lem. 3.1] and [19, Prop. 3.4] respectively to the case of
weighted projective schemes, one get the result for Z(X,)) and Z~ (X, Y). An argu-
ment similar to the proof of the Proposition 3.4 in [19] shows the assertion for

H(X,Y). O

Proposition 1. Let (X,)) be a weighted log pair. Then, the following are true:
(i) wnle(X,Y) C Supp(Ox/Z~(X,Y)) C wnklt(X,V);
(ii) If (X\ Supp(Y),0) is a weighted Kawamata log terminal, then

wnle(X,Y) = Supp(Ox /L~ (X,)));
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(iii) Supp(Ox/H(X,Y)) = wnsc(X, D).
(iv) If (X,D) is weighted log canonical, then Ox /H(X, ) is reduced, i.e., as a reduced
closed subscheme, H(X,)) is the ideal sheaf of wnsc(X,)).

Proof. Let f : X' — X be a weighted log resolution of (X, )), and denote by mult z (E)
the multiplicity of any divisor E on X”.
(i) Given any prime divisor Z of X’ and real constant 0 < ¢ < 1, we have

multz(KX//(ny)) < —1,

which implies that

multg(KX//(X,y) + Ef*y) < 0,
and hence multz (K /(x,y)) < —1. This proves part (i).

(ii) It is enough to show that if the pair (X\ Supp(Y),0) is a weighted Kawamata
log terminal, then
multg(KX//(va)) > -1

and so

multz(KX//(X,y) +ef*y)>0.
If multz(Kx/(x,y)) > —1, then the result is trivial. If multz (K /(x,y)) = —1, then
Z is contained in Supp(f*)) by assumption on (X\ Supp(})),0). Thus,

multz(KX//(X’y) +€f*y) >—-1= multZ(KX//(X’y) —|—€f*y) > 0.

(iii) If (X, ) is a weighted strongly canonical, then | Kx//(x,y)] > 0. By definition
of f, we have
[:O0x/ (| Kxryx3)]) = Ox.
This shows that
wnsc(X,Y) C Supp(Ox/H(X,Y)).
If (X,)) is not a weighted strongly canonical around = € X, then there is a prime
divisor Z on &’ such that x € f(Z) and multz(Kx:/(x,y)) < 0. Thus, we have

Ox' & Ox(|Kxryx,3)])-

Replacing X with any open neighborhood of x does not change the last result.
Therefore,
Supp(Ox/H(X,Y)) C wnsc(X, D).

(iv) By part (iii), we have H(X,Y) is a subset of the ideal sheaf of wnsc(X,))
denoted by N. Now, let 4 C X be an open set and g € N(U). Then f*g vanishes
along the closed set f*(wnsc(X,))) containing every prime divisor Z on X’ having
negative coefficient in | Kxs,(x,y)], which is equal to —1 since (X', )) is weighted log
canonical. Therefore,

f*9 € Oxi (| Kxrja ) )(f1U),
which implies g € H(U) and hence H C N. O
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Given a Weil Q-divisor D on a weighted projective variety X', such that nD is a
WEeil divisor on X', we define weighted height function

1
Sp ‘= —$pD -
n

For a weighted Q-Gorenstein projective variety X with a canonical divisor Ky,
we can define a weighted global height function sx, up to addition of a bounded
function. Given a weighted log pair (X,)) of a weighted Q-Gorenstein X', we define
the weighted height function associated to the subscheme Ky y) = Kx + as

SK(x.y) =Sk, t+5y, (21)

where sy is the weighted height function associated to the subscheme ) or its ideal
sheaf. For more detail on the local and global weighted height functions, we refer the
reader to [13].

Next we are ready to state Vojta’s conjecture for weighted log pairs.

Conjecture 6. Let X be a weighted projective scheme, Y a closed weighted subscheme
with ideal sheaf T = Z(Y), Kx a canonical divisor, and A an ample divisor on X, all
defined over Q.

Let (X,Y) be a weighted log pair and S be a finite subset of places of Q containing
Mg’ . Then, given any real constant € > 0 and a positive integer r, there exists a proper
weighted Zariski-closed subset Z of X, depending only on X, T, A,e,r, such that

S (0 — D (V) = Y (- (x,v) S esa(x) +d(x) + O(1).
vgs ves
for allx € (X \ Z2)(Q) with [Q(x) : Q] < r, where
H=H(X,Y) and I =1 (X,)).

We note that the terms

Z Cu(x,v) and Z (z- (x,v)

veS veSs

can be thought of as the contribution of wnsc(X,)) and wnklt(X,Y), or wnlc(X,))
it (X\(Supp)(Y),0) is Kawamata log terminal.

Since a pair (X, D) with X a smooth weighted variety and D a reduced simple
weighted normal crossing divisor on X is a weighted log canonical, by parts (i), (iii)
and (iv) of Prop. 1, one can conclude that

Z (- (x,v) =0

ves
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and hence the right hand side of the inequality of Conj. 6 is equal to

SK(x,p)(x) Zgﬂ X, v) = sy (X +Z<D x,v)

vgS ves

Thus Conj. 6 is the same as Conj. 5 and Conj. 4, in this case.
In contrast, given a weighted log pair (X, ) and a log resolution

f:X =X,
if we suppose that Conj. 4, holds for X’ and the reduced simple normal crossing divisor

[Kxryxy) +ef V] = [Kxryx )l

for 0 < e < 1, then Conj. 5 and Conj. 6 holds for (X,)).
Indeed, the argument is similar to those given in [17, Prop. 4.3] and [19, Prop. 5.4]
as follows. By definition, we have

F'H COx (| K yxy])

and
F7IT7 C On([Karyxy) +ef*V1)
for 0 < ¢ <« 1. Using these and the properties of weighted height functions, we get

GH @) f Z §_D1, with D1 = LKX’/(X,y)Ja
(z-of > C*Dz with Dy = [KX’/(X,:)/) + Sf*y-l

Then, using the above inequalities, we have

SKxy) — Z () — Z G-(v) | of S8k —SKy ey — Z C-p, — Z C-Ds

vegS ves vgS ves
S 5I(X/ +5—D1 - Z C_Dl - Z C—D2
vgS veS
<k, + Z CDy—Dy s
vgS

where

Dy — Dy = [Kyrjxy) +f* V] = [Kxrjx,3)]
Recall that the pullback f*D of an ample divisor D is ample. Therefore, the above
argument leads to following result.

Corollary 1. The Conjecture 4, Conjecture 5, and Conjecture 6 are equivalent.
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5 Weighted blow-ups and generalized weighted gcds

In this section, we define the generalized weighted greatest common divisor general-
izing the usual one. Then, we describe it as a weighted height for weighted blow-ups
using the theory introduced in [13].

For any two integers «, 8 € Z the greatest common divisor is defined as

ng(a7ﬁ) = H pIniD{l/p(a),up(ﬂ)}7

p prime

where v, is the place associated to the prime number p. The logarithmic greatest
common divisor is

logged(a, B) i= > min {v,(a), 1,(B)} logp.

p prime
For each place v € Mg, we define

vt :Q — [0, 00,
a — max{v(a),0}, (22)

which v+ can be viewed as a height function on P'(Q) = Q U {oo} with respect
the divisor (0), where we set v (oc) = 0. The generalized logarithmic greatest
common divisor of a, 8 € Q is defined as

hged (o, 8) := Y min{v*(a),v*(8)}.

veMg
Then, given (a, 8) # (0,0), one may consider the following function

Gy, : P1(Q) x P1(Q) — [0, 0],

23
(@, 8) > min{u* (a), v ()}, 23)

as a local height function and the generalized logarithmic greatest common divisor,
being their sum all together,

hged (o, 8) = Y G, (24)

vp€ Mg

as a global height function on P'(Q) x P1(Q).

Here is a theoretical interpretation of the function G, in terms of blow-ups. More
precisely, for X = (1%)2 let 7 : X — X be the blow-up of the point (0,0) and F =
771(0,0) be the exceptional divisor of the blow-up. Then, for all (a, 8) € X(Q)\(0,0)
and v € Mg, one has

)\X,E(T‘—_l(aa 6)7 V) = min {V+(a)7 V+(ﬁ)}7
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and adding all together for v € Mg leads to

hged (o, ) = hg p(n~" (o, B)).

s

5.1 Generalized weighted greatest common divisors as heights
for blow-ups

The weighted greatest common divisor for any tuple of integers (zq, -+ ,x,) € Z"1
was defined in [2], which we are going to recall in below.
Let Z = (zo,...,2,) € Z"" with r = ged(xo, . .., 7,) and

S
r=u-Tns
Jj=1

where v € {-1,1} and p;,---,ps are prime numbers. The weighted greatest
common divisor of ¥ € Z"*! is defined as

weged (Z) = H p= H pmin{ L%(JJFO)J """ L%J}’ (25)
pe{p(}-,-l-- Pst vp€Mo
pTr|T;

where the last equality comes from [2, Lem. 4]. Here, the symbol |-] denotes the
integer part function. A tuple € Q™! is said to be normalized if wged (%) = 1. In
[2, Lem. 7 and Cor. 1], it is proved that any point x in a well-formed space P} o has

a unique normalization y = m * X. For the rest of paper, a normalized point
x € P o means a point x = [xo : ... : x,] with integer coordinates x; € Z such that
wged (zo, ..., 2pn) = 1.

Given q = (qo, -+ ,qn), we let q; = (1,¢;) for each i« = 0,1,---n. The canonical
inclusion

Qq, (i) = Qq(@o, -+, 7n)

implies the rational map PQQ — ]P’éi@ given by
x=[xg: - :xp]—=[1:ay,

which is defined precisely in the complement of {z; = 0} in Py - Considering all of
these maps, we have the rational map

n 1
Pn,g Pgg — HP%@’
i=0 (26)

X=[x0: 1 Tp] = @ng(x) = ([1:xo],[1:a1], -+, [1:a]),
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which is defined on the open set P’ o\ Uiy {w; = 0}. For each p € Z, we define the
function F),, as follows,

F,, : HIP’ o—N,

TR T (o S

The generalized weighted greatest common divisor of a given tuple z =
(20, ..., 2n) € QU is defined as

Wgcd )

) .

vp€Mg

We define the logarithmic weighted greatest common divisor of any tuple

of integers 7 = (zg, -+ ,x,) € Z™""! as the sum
log wged (Z) == Z min { {IJ(CBO)J b {V(mn)J }, (28)
Ve MO 40 qn
0

and the generalized logarithmic weighted greatest common divisor of any
tuple = (zg,- - ,2,) € Q" is defined to be

log hygea (2) = > min{ {MJ VW%)J } (29)

veMyg q0 dn

Let us consider the following positive real-valued function on Py (Q),

T, H]P’ o — [0,00]

([1:xo],[l:zn},...,[lsrn})%min{\fﬁ(wJ VWE")J}

q0 dn

For any rational point x = [xg : - -+ : ] € Py (Q), define its generalized logarithmic
weighted greatest common divisor as

loghuged () = 3 Tulpnax) = 3 min“";(%)J ""’V;(%)J}’ (31)

vEMy vp€Mg

where ¢, 4 is defined by (26).
Notice that all points x € Py(Q) with loghygea (x) = 0 belong to the singular
locus Sing (P} o) as shown next.
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Proposition 2. Let IP’;LQ be a well-formed weighted projective space with q =

)

(90, +qn) and x € PP(Q). If log hygea (x) = 0 then x € Sing(Py ).

Proof. Let m = lem(qo,- -+ ,¢n), and define J(x) = {j : z;(x) # 0} for any point
X = [zg: -1 w,] € PY(Q). Given any prime divisor p | m, we define

Sqlp) ={xe€Ppg: plgforalliec J(x)}.

Then Sing(Pg o) = U,|n, Sq(p) and for any prime p we have

X=[x0: 12, € 54(p) = p|q, foralli e J(x)
= v (2;) < g, for all i € J(x)
:&{VJ(%‘)

qi

e[ )

If we assume log hygeq (x) = 0, then

e

vp€Mg do

J =0, for all : € J(x)

, V;(‘T”)J } =0. (32)

an

Thus, for all v, € Mg with p € Z, we have

ol [0

This implies that x € S4(p) for any prime p | m and hence x € Sing(P} ). O
The following example shows that the Weil logarithmic height function is strictly
positive on Pg.

Example 2. Consider the weights q = (1,...,1). Then Plo = PG is the pro-
Jective space and the weighted height Sg is simply the projective height Hg. Since
m = lem(qo,...,qn) = 1 then there are no primes dividing m and Sing Py = 0. On
the other side from (31) we have

log hygea (%) = Z min{ {VJ(CCO)J Y V;(%)J}

vy € Mo q0 dn
= Z min {v,f (z0), ..., v, (n)}
vp€Mg
> min{{v} (z0),...,vL(z)} >0,

since at least one of the coordinates x; # 0,
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Lemma 2. Let X be a smooth weighted variety defined over Q, and Y a subvariety
of X of codimension r > 2. Let m : X — X be the blow-up of X along J and denote
by Y =7 1(Y) its the exceptional divisor. Then,
(i) Ty : 7 HXN\Y) = X\ Y is an isomorphism.

(ii) Exceptional divisor Y is an effective Cartier divisor on X.

Proof. This is a direct consequence of [8, Prop. I1.7.13]. For every y € ) we have an
open neighborhood U around 7=!(y) and f € U. The conditions from the definition
of Cartier divisors are satisfied. O
Proposition 3. Let X := [[[_ | Py o, and consider 7 : X — X, the blow-up of X
along 0= ([1:0],[1:0],---,[1:0]). Denote by Y = w~(0) the exceptional divisor of
this blow-up. Then, for all v € Mg and any non-singular points

x=[zg:@y:ixn] €PG\{[1:0:---:0]}

with T = ¢n.q |x (x) € X(Q) \ {0}, we have

g)w(w—l(j;),u) = min{ rﬁ(%)J yers {lﬁ(x”)J } =T,(z), (34)

qo0 qn

and

loghyged (X) = Y Cop(m ' (@),v) =555 (7 (2),v). (35)
vE Mg

Proof. By Lem. 2, ) is an effective divisor on X. Hence, using the functoriality of
local weighted heights, we have

)

1 1 1
§~ j}(ﬂ'il(j)vlj) = CX[)(fﬂj) = CIP’;LVQ,[I:O:M:O] <[I((JIO : xfl e I;{"L],I/> )

1 1
= min {u"’(xgl JIRERES Zan € X1 )}

o 22 2}

Adding these weighted local heights together we get the global formula.
O
The above result leads to the following definition.

Definition 1. Let X' be a smooth weighted variety defined over Q, and Y a subvariety
of X of codimension r > 2 and w : X — X, the blow-up of X along Y. For any
P e (X\Y)(Q) we denote by

P=ngYP)eX and Y=nY).
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The generalized logarithmic weighted greatest common divisor of the point
P with respect to )Y is defined to be

10g hyged (P V) = 55 5(P). (36)
A point x = [zg : -+ : x| € P Is called normalized if it has integers coordinates
and wged (2o, 21, -+, Tn) = 1; see [2] for details.
Lemma 3. Let q = (qo, -+ ,qn) be well-formed weights, m = lem(qo, -+ ,qn), y =
[1:0:---:0], andx=[xg: - :xy) € Pig @ smooth and normalized point. Then
log hwgea (x; {y}) = logged(z1,...,zn) + O(1). (37)

Proof. Indeed, letting q; = (go,¢;) for each i =1,--- /n and

n
1
X = H PC{%Q’
1=0

then considering the rational map m q : Py o — &', we have 0 = ¢n.,q(y), where
0=([1:0],---,[1:0]) € X.

T = ¢p q(x) and apply Prop. 3, to the blow-up 7 : X — X along Y = {0}. Let
Y = 771()) be the exceptional divisor of the blow-up. Then

log hyged (X5 {y}) = log hygea (7;)) = 5%y (77_1(57))

By definition of the global weighted height and properties of local weighted height [13,
Thm. 1 (iv)], one can see that the last term is equal to the right-hand side of (37). O
One can extend the result of Lem. 3, as stated in following proposition.

Proposition 4. Let ¢ = (qo, - ,qn) be a well-formed set of weights and m =
lem(qo, -+ ,qn). Assume that Z C IP’;LQ is a closed subvariety defined by the weighted
homogeneous polynomials f1,--- , fr with integer coefficients such that

Z N Sing(Py g) = 0.

Then
log hwgea (x; Z) = log ged(f1(x), ..., fr(x)) + O(1), (38)
for x € Py o\ {Sing(IP’g’@) USupp(Z)} with z; € Z and wged (xo, w1, , @) = 1.

Proof. Let Y be given by

V=pnq(2)cX=]]P o (39)
=1
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where q; = (qo, ¢;) for i =1,--- ,n and where ¢, 4 is defined by (26).
Consider the blow-up 7 : X — X along y and its exceptional divisor 5) = w’l(y).
Let y = ¢n q(x), for any x € P} o\ {Smg oV Supp(Z)} . Then, we have

log hyged (x; 2) Z Coyp(m 7 Hy),vp)

vp€Mg

= Y Cav(yim)

vp€Mg

- Z Py 0.2 (X ¥p)-

vp€Mg

Y G (1) + Gz (X, Vo)

pEMg\{oo}

By definition (see [13, Eq. (37)]) of the local weighted height associated to Z, for
vp € Mg, we have

. |f5 (%)
Gy o.2(3vp) = min 3 —log =5
max; |z;|;;

m
=log 11%;2(7" | f (X)|VP + E log max |$i|,,p.

Thus

)

Z G .z (%, 1) =logged(fi(x), ..., fi(x)) + O(1).
vp€ Mg
Therefore, putting all together gives the desired equality.

1Oghwgcd (X; Z) = logng(fl(X)7 ] ft(x)) + O(l)

This completes the proof. O

6 Vojta’s conjecture and bounds on greatest
common divisors

Let X be a smooth weighted variety defined over Q, and ) a subvariety of X of
codimension r > 2 and 7 : X — X, the blow-up of X along Y. It is a well-known fact
that the canonical bundle of the blow-up 7 : X — X along the subvariety ) C X is
given by

Ki~m Ky + (r— 1)),
where 5) =71Y). If Ais an ample divisor on A&, then there is an integer N such
that —) + N7*A is ample on X, see [8, Thm. A.5. 1] Let

A:f%j+ﬂA
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be the ample cone of X. We further assume that —Ky is a normal crossing and
Supp(Kx)NY = 0.

Let S be a finite set of places of Q and define

sx.p,s() = Z Cx,p(v) and sy pg(-):= ZCX,D('J/) (40)

ves vgS

Then we have the following:

Theorem 1. Let X be a smooth projective weighted variety, A an ample divisor on X,
Y C X a smooth subvariety of codimension r > 2, and —Kx a normal crossing divisor
whose support does not intersect Y, all defined over Q. Assume Vojta’s conjecture (see
Conyj. 4) for smooth weighted varieties. Then for every finite set of places S containing
Mg and every 0 < e <r —1 there is a proper closed subvariety Z = Z(e,X,),A,S8)
of X, and constants C. = Co(X, YV, A, S) and 6. = 0.(X,V,A), such that

1

log hyged (P;Y) < esx,a(P) + m5/x,4<x,

S(P) +C€7 (41)

for all P € (X \ Z)(Q).

Proof. We apply Conj. 4, for the weighted blow-up 7 : X — X and the divisor
D = —7"Kyx to get

5/\?,—77*KX,S(P) tT5% Ky (P) <esz 1(P)+C,
for all P € (X \ Z)(Q). Substituting K 3 = 7*Kx + (r — 1)) and A = —%57 + A
we get

~ E ~
—5x K, 5(P) +5x K, (P)+ (r— 1)5/‘?75}(]3) <esx A(P)—

for all P € (X \ 7(2))(Q). Since —sx rr.5(P) + 5x k. (P) = S’y i ,.5 We have

3
S rns(P)+ (1= 1+ =) 52 5(P) < es,a(P) + Ce,

for all P € (X \ 2)(Q). Hence,

. N
s23(P) < ooz (~hmes(P) espa(P) +C:)

Since s 5 5(P) = log hwged (P;Y), we have

N
. < _ e - .
log thCd (P7 y) — N(T‘ _ 1) _|_ € ( SX,Kx,S(P) + €5X7A(P) + CE)
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Finally, setting § = ¢/N gives (41) and this completes the proof.
O
Let g = (go, - ,qn) and assume that X = PZ},@ is well-formed weighted projective
space. For ¢+ =0,...,n, let
H,={xeX |z, =0},
Ao = Hp, and Kx = — Y., H;. the map

n
. e 1
P  Plg— X = Hpqi,@,
1=0

where q; = (go,¢;) for i = 1,--- ,n and denote by

Hi=nq(Hi), Ao=nq(Ho), Kx=- Zsﬁnq(Hz)
i=0

Notice that the canonical divisor Ky is a normal crossing on X’ satisfying
YN Supp(~Kx) =0, where Y = ¢, q(2).

Let S be a finite set of primes. The “prime-to-S” part |z|'s of any nonzero integer
x is defined to be the largest divisor of x that is not divisible by any of the primes in

S, in other words,
jl's = |z| - T |«
peS

In particular, x is an S-unit if and only if |z|§ = 1.

Theorem 2. Keeping the above notations in mine, we assume that Z C Pig s a
closed subvariety defined by

fla"' 7ft GZq[x07~-'7x7L]a

of codimension r = n — dim(Z) > 2 in P} o such that Z N Sing(P} o) = 0, and has
transversal intersection with the union U}_oH,;. Let S be a finite set of primes and

e > 0. If Conj. 4, holds for the weighted blow-up m : X — X along Y, then there
exists a nonzero weighted polynomial g € Zg[xo, ..., xs] and a constant 6 = 6. z > 0,
such that every & = (ag, -+ , ) € Z" with wged (o, -+ , o) = 1 satisfies either
g(@) =0 or

&€

ged(£1(a), -+, fi(@) < max {Jaol®0, -+, Janl ™} - (lag -+ anls) T, (42)

where | - |y is the “prime-to-S” part of its origin.

Proof. By definition of the global weighted height for

x=lag -1 an] € Py o\{Sing(Pg o) U Supp(2) }(Q)
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with wged (ag, - -+ , ) = 1, we have
sx.4(x) = log max{|ag|, - | |ay|an } + O(1) (43)

By Prop. 4, we have

IOg hwgcd (X; Z) = log ng(fl (X)a e 7ft<x)) + 0(1) (44)
Let y = ¢nq(x) for x = [ag : -+ : an] € P g. Then, by definition of S-part of the
weighted heights and functoriality of the weighted heights, we have
! ! + 1 ’
5/\’,?-[7‘,,5'(}") = 5X,H1,S(X) = Z vi(oy) = - log |ai’s,
ves di
which implies that
! !/ - ! 1 !
52(,71{;{,5(}’) = 5X,7KX,S(X) = ZﬁX,Hi,S = ™ log |apar - - anls. (45)
i=0

By substituting (43), (44), (45), in (41), one obtains

log ng(fl (54); s 7ft(d)) <log thcd (X§ Z) =log thcd (YJ y)
<esxaly)+ mﬁlx,—x,y,s(w +C.,

<e -logmax{|ao|%,-~- 7‘an|i}

. S| ) + CL,
m(r71+6) Og(‘aoal (&% |S)+ £

where § = d.,z. Then, by exponentiation, we obtain the desired inequality (2). O]

7 Acknowledgment

We like to thank the anonymous referees for their valuable comments and suggestions
that helped us to improve the manuscript significantly.

References

[1] Al Amrani, A.: Classes d’idéaux et groupe de picard des fibrés projectifs tordus.
(ideal classes and picard group of twisted projective fibre bundles). K-Theory
2(5), 559-578 (1989) https://doi.org/10.1007/BF00535044

[2] Beshaj, L., Gutierrez, J., Shaska, T.: Weighted greatest common divisors and

weighted heights. J. Number Theory 213, 319-346 (2020) https://doi.org/10.
1016/j.jnt.2019.12.012

30


https://doi.org/10.1007/BF00535044
https://doi.org/10.1016/j.jnt.2019.12.012
https://doi.org/10.1016/j.jnt.2019.12.012

3]

[4]

Beltrametti, M., Robbiano, L.: Introduction to the theory of weighted projective
spaces. Expositiones Mathematicae 4, 111-162 (1986)

Dolgachev, I.: Weighted projective varieties. In: Carrell, J.B. (ed.) Group Actions
and Vector Fields (Vancouver, B.C., 1981). Lecture Notes in Math., vol. 956, pp.
34-71. Springer, Berlin, Heidelberg (1982). https://doi.org/10.1007/BFb0101508

Ellenberg, J.S., Satriano, M., Zureick-Brown, D.: Heights on stacks and a gen-
eralized batyrev—manin—malle conjecture. Forum of Mathematics, Sigma 11, 14
(2023) https://doi.org/10.1017/fms.2023.5

Goto, Y.: Arithmetic of weighted diagonal surfaces over finite fields. Journal of
Number Theory. 59(1), 37-81 (1996) https://doi.org/10.1006/jnth.1996.0087

Grothendieck, A.: Eléments de Géométrie algébrique.  Publications
mathématiques, vol. 2. Inst. des Hautes Etudes Scientifiques, Paris (1961)

Hartshorne, R.: Algebraic Geometry. Graduate Texts in Mathematics, vol. 52.
Springer, Berlin-Heidelberg (1977)

Kollar, J.: Singularities of the Minimal Model Program. Cambridge Tracts
in Mathematics, vol. 200, p. 370. Cambridge University Press, Cambridge
(2013). With a collaboration of Sandor Kovdacs. https://doi.org/10.1017/
CB09781139547895

Lazarsfeld, R.: Positivity in Algebraic Geometry I. Springer, Berlin-Heidelberg
(2004). http://dx.doi.org/10.1007/978-3-642-18808-4

Lazarsfeld, R.: Positivity in Algebraic Geometry II. Springer, Berlin-Heidelberg
(2004). http://dx.doi.org/10.1007/978-3-642-18810-7

Malmendier, A., Shaska, T.: A universal genus-two curve from Siegel modular
forms. SIGMA Symmetry Integrability Geom. Methods Appl. 13, 089-17 (2017)
https://doi.org/10.3842/SIGMA.2017.089

Salami, S., Shaska, T.: Local and global heights on weighted projective varieties.
Houston J. math 49(3), 603-636 (2023)

Shaska, E., Shaska, T.: Machine learning for moduli space of genus two curves
and an application to post-quantum cryptography (2024) arXiv:2403.17250

Vojta, P.: Diophantine Approximations and Value Distribution Theory. Lecture
Notes in Mathematics, vol. 1239, p. 132. Springer, Berlin-Heidelberg (1987). https:
//doi.org/10.1007/BFb0072989

Vojta, P.: Diophantine approximation and Nevanlinna theory. In: Arithmetic

Geometry., pp. 111-224. Springer, Berlin-Heidelberg (2011). Chap. Lectures given
at the C.LM.E summer school, Cetraro, Italy, September 10-15, 2007. https:

31


https://doi.org/10.1007/BFb0101508
https://doi.org/10.1017/fms.2023.5
https://doi.org/10.1006/jnth.1996.0087
https://doi.org/10.1017/CBO9781139547895
https://doi.org/10.1017/CBO9781139547895
http://dx.doi.org/10.1007/978-3-642-18808-4
http://dx.doi.org/10.1007/978-3-642-18810-7
https://doi.org/10.3842/SIGMA.2017.089
https://arxiv.org/abs/2403.17250
https://doi.org/10.1007/BFb0072989
https://doi.org/10.1007/BFb0072989
https://doi.org/10.1007/978-3-642-15945-9_3
https://doi.org/10.1007/978-3-642-15945-9_3

//doi.org/10.1007/978-3-642-15945-9_3

[17] Vojta, P.: Multiplier ideal sheaves, Nevanlinna theory, and Diophantine approx-
imation. In: Number Theory, Analysis and Geometry. In Memory of Serge
Lang, pp. 647-658. Springer, Berlin-Heidelberg (2012). https://doi.org/10.1007/
978-1-4614-1260-1_28

[18] Wlodarczyk, J.: Weighted Resolution of Singularities. A Rees Algebra Approach,
pp. 219-317. Springer, Cham (2023). https://doi.org/10.1007/978-3-031-32115-3_
6 . https://doi.org/10.1007/978-3-031-32115-3_6

[19] Yasuda, T.: Vojta’s conjecture, singularities and multiplier-type ideals. Kodai
Math. J. 41(3), 566578 (2018) https://doi.org/10.2996 /kmj /1540951254

32


https://doi.org/10.1007/978-3-642-15945-9_3
https://doi.org/10.1007/978-3-642-15945-9_3
https://doi.org/10.1007/978-1-4614-1260-1_28
https://doi.org/10.1007/978-1-4614-1260-1_28
https://doi.org/10.1007/978-3-031-32115-3_6
https://doi.org/10.1007/978-3-031-32115-3_6
https://doi.org/10.1007/978-3-031-32115-3_6
https://doi.org/10.2996/kmj/1540951254

	Introduction
	Preliminaries on weighted projective varieties
	Weighted projective varieties
	Rational points on weighted varieties in ¶qn 
	Weighted heights on ¶qn 

	Vojta's conjecture for projective varieties
	Vojta's conjecture for smooth varieties
	Vojta's conjecture using a multiplier ideal sheaf
	Vojta's conjecture for log pairs over Q

	Vojta's conjecture for weighted projective varieties
	Local and global weighted heights
	Weil and Cartier divisors on weighted varieties
	Vojta's conjecture for smooth weighted varieties
	Vojta's conjecture using a weighted multiplier ideal sheaf
	Vojta's conjecture for weighted log pairs

	Weighted blow-ups and generalized weighted gcds
	Generalized weighted greatest common divisors as heights for blow-ups

	Vojta's conjecture and bounds on greatest common divisors
	Acknowledgment

